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REMARKS ON THE ARITHMETIC RESTRICTED VOLUMES
AND THE ARITHMETIC BASE LOCI
HIDEAKI IKOMA
Abstract. In this paper, we collect some fundamental properties of the arith-
metic restricted volumes (or the arithmetic multiplicities) of the adelically
metrized line bundles. The arithmetic restricted volume has the concavity
property and characterizes the arithmetic augmented base locus as the null
locus. We also show a generalized Fujita approximation for the arithmetic
restricted volumes.
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1. Introduction
Let K be a number field. We denote the set of all the finite places of K by
M fK , and set MK := M
f
K ∪ {∞}. Let X be a projective variety over K. According
to [28, 24], we consider an adelically metrized line bundle L =
(
L, (| · |Lv )v∈MK
)
on X , which is defined as a pair of a line bundle L on X and an adelic metric
(| · |Lv )v∈MK on L (see §5 for detail). For each place v ∈MK , we denote by ‖ · ‖Lv,sup
the supremum norm defined by | · |Lv . Let
Γ̂f(L) :=
{
s ∈ H 0(L) : ‖s‖Lv,sup 6 1, ∀v ∈M fK
}
and
Γ̂ss(L) :=
{
s ∈ Γ̂f(L) : ‖s‖L∞,sup < 1
}
.
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We call an element in Γ̂ss(L) a strictly small section of L, and set
B̂
ss(L) :=
{
x ∈ X : s(x) = 0, ∀s ∈ Γ̂ss(mL), ∀m > 1
}
.
An adelically metrized Q-line bundle L is said to be weakly ample, or w-ample for
short, if L is ample and 〈Γ̂ss(mL)〉K = H 0(mL) for every sufficiently large m such
that mL is a line bundle (see the beginning of §2 for the notation 〈 · 〉K). Let Y be
a closed subvariety of X . We say that L is Y -big if there exist a positive integer
m, a w-ample adelically metrized line bundle A, and an s ∈ Γ̂ss(mL−A) such that
s|Y is non-zero.
The purpose of this paper is twofold. First, we give an elementary proof to Theo-
rem A below, which was first proved by Moriwaki [23, Theorem A and Corollary B]
by using Zhang’s technique [27]. (More precisely, Moriwaki [23] treated only con-
tinuous Hermitian line bundles but it is easy to generalize it to the following form).
Following Moriwaki’s suggestion, we call this result a “Zhang–Moriwaki theorem”.
The proof given in this paper is very simple and based on some elementary proper-
ties of the base loci. We do not need neither induction on dimension nor estimates
of the last minima.
Theorem A (Theorem 4.3). Let X be a projective variety over K, and let L be an
adelically metrized line bundle on X such that L is semiample. Then the following
are equivalent.
(a) B̂ss(L) = ∅.
(b) H 0(mL) = 〈Γ̂ss(mL)〉K for every m≫ 1.
The celebrated arithmetic Nakai-Moishezon criterion for the arithmetic ample-
ness was first proved by Zhang [27, 28], and later was slightly generalized by Mori-
waki [23] by using the same technique. Theorem A itself is not so powerful as
recovering Zhang’s criterion ([27, Corollary (4.8)], [28, Theorem (1.8)], [23, Theo-
rem 4.2]).
Next, we establish some fundamental properties of arithmetic restricted volumes
(or arithmetic multiplicities) of adelically metrized line bundles along a closed sub-
variety. A CL-subset of a free Z-module of finite rank is a subset written as an
intersection of a Z-submodule and a convex subset (see [22, §1.2] for detail, where
such a subset is referred to as a convex lattice). Given an adelically metrized line
bundle L and a closed subvariety Y of X , we define ĈLX|Y (L) as the smallest CL-
subset of Γ̂f(L|Y ) containing the image of Γ̂ss(L). Denote by N the semigroup of
all the positive integers and set N̂X|Y (L) :=
{
m ∈ N : ĈLX|Y (mL) 6= {0}
}
. We
define the arithmetic restricted volume of L along Y as
v̂olX|Y (L) := lim sup
m→+∞
log ♯ĈLX|Y (mL)
mdimY+1/(dimY + 1)!
,
and the arithmetic augmented base locus of L as
B̂+(L) :=
⋂
A: w-ample
B̂
ss(L−A),
where A runs over all the w-ample adelically metrized Q-line bundles on X . In the
literature, we can find several other definitions of B̂+(L). For example, in [22, §3],
Moriwaki defined it by using the “small sections” and, in [9, §4], Chen treated the
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sections having normalized Arakelov degrees not less than zero. In important cases,
these three definitions all coincide (Remark 5.4). The definitions given above have
some desirable properties. For example, if X is normal, then
B̂+(L) =
⋃
Z⊂X,
v̂olX|Z(L)=0
Z
(Corollary 7.11). By the theory of Okounkov bodies [17, 3], if Y 6⊂ B(L), we have
the following limit called the multiplicity of L along Y ,
eX|Y (L) := lim
m∈N̂X|Y (L)
m→+∞
dimH 0(OY )〈Image
(
H 0(mL)→ H 0(mL|Y )
)〉H 0(OY )
mκX|Y (L)/κX|Y (L)!
,
where κX|Y (L) is defined as
κX|Y (L) := tr.degH 0(OY )
⊕
m>0
〈Image (H 0(mL)→ H 0(mL|Y ))〉H 0(OY )
 − 1.
The following is an arithmetic analogue of this limit, which we call the arithmetic
multiplicity of L along Y and denote by êX|Y (L).
Theorem B (Theorem 7.9 and Lemma 7.3). Let X be a projective variety over a
number field, let Y be a closed subvariety of X, and let L be an adelically metrized
line bundle on X. If Y 6⊂ B̂ss(L), then the sequence(
log ♯ĈLX|Y (mL)
mκX|Y (L)+1/(κX|Y (L) + 1)!
)
m∈N̂X|Y (L)
converges to a positive real number.
As an application, we show a generalized Fujita approximation for the arith-
metic restricted volumes, which can be viewed as an arithmetic analogue of [10,
Theorem 2.13]. Let X be a normal projective variety over a number field, let L
be an adelically metrized Q-line bundle on X , and let Z be a closed subvariety of
X . A Z-compatible approximation for L is a pair (µ : X ′ → X,M) consisting of
a projective birational morphism µ : X ′ → X and a nef adelically metrized Q-line
bundle M on X ′ having the following properties.
(a) X ′ is smooth and µ is isomorphic around the generic point of Z.
(b) Denote the strict transform of Z via µ by µ−1∗ (Z). Then M is µ
−1
∗ (Z)-big
and µ∗L−M is a µ−1∗ (Z)-pseudoeffective adelically metrized Q-line bundle.
We denote the set of all the Z-compatible approximations for L by Θ̂Z(L).
Theorem C (Theorem 8.4). Let X be a normal projective variety over a number
field, let Z be a closed subvariety of X, and let L be an adelically metrized Q-line
bundle on X. If L is Z-big, then for every closed subvariety Y containing Z
v̂olX|Y (L) = sup
(µ,M)∈Θ̂Z(L)
d̂eg
(
(M |µ−1∗ (Y ))·(dimY+1)
)
.
This paper is organized as follows: we give a definition and properties of the adel-
ically metrized line bundles in section 2 (Definition 2.2) and of the augmented base
loci of general graded linear series in section 3 (Definition 3.1). As an interlude, we
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give the proof of Theorem A (Theorem 4.3) in section 4, which is independent of the
previous sections except Lemma 3.6. In section 5, we give a definition of the arith-
metic augmented base locus of an adelically metrized line bundle (Definition 5.1)
and characterize it as the exceptional loci of the Kodaira maps (Theorem 5.5).
Sections 6 and 7 are devoted to giving a definition of the arithmetic restricted vol-
ume of an adelically metrized line bundle along a closed subvariety, and a proof of
Theorem B (Theorem 7.9). The arguments here are based on Yuan’s idea [25] and
the general theory of Okounkov bodies [17, 3]. In section 8, we give a proof of the
generalized Fujita approximation for arithmetic restricted volumes (Theorem 8.4).
2. Preliminaries
Let M be a module over a ring R and let Γ be a subset of M . We denote by
〈Γ〉R the R-submodule of M generated by Γ. Let K be a number field and let OK
be the ring of integers. Denote by M fK the set of all finite places of K and set
MK := M
f
K ∪ {∞}. For each P ∈ M fK , we denote the P -adic completion of K by
KP , a uniformizer of KP by ̟P , and set
(2.1) |a|P :=
{
♯(OK/P )
− ordP (a) if a ∈ K×P ,
0 if a = 0
for a ∈ KP . We denote the valuation ring of KP by OKP , and the residue field of
KP by K˜P . For v =∞, we set K∞ := C and denote by | · |∞ the absolute value on
C.
Adelically normed linear series. Let V be a finite-dimensional K-vector space. We
set for v ∈M fK VKv := V ⊗K Kv, and for v =∞ VKv := V ⊗Q C. An adelic norm
on V is a collection of norms (‖ · ‖v)v∈MK such that,
(a) if v ∈M fK , ‖ · ‖v is a non-Archimedean (Kv, | · |v)-norm on VKv ,
(b) if v =∞, ‖ · ‖∞ is a (K∞, | · |∞)-norm on VK∞ , and
(c) for each s ∈ V , ‖s‖v 6 1 for all but finitely many v ∈M fK .
An adelically normed K-vector space is a pair V =
(
V, (‖ · ‖Vv )v∈MK
)
of a finite-
dimensional K-vector space V and an adelic norm (‖ · ‖Vv )v∈MK on V such that the
following equivalent conditions are satisfied (see [6, Proposition 2.4]).
(a) Γ̂f(V ) :=
{
s ∈ V : ‖s‖Vv 6 1, ∀v ∈M fK
}
is a finitely generatedOK -module
that spans V over K.
(b) Γ̂s(V ) :=
{
s ∈ Γ̂f(V ) : ‖s‖V∞ 6 1
}
is a finite set.
(c) Γ̂ss(V ) :=
{
s ∈ Γ̂f(V ) : ‖s‖V∞ < 1
}
is a finite set.
Note that the above definition of an adelically normed K-vector space is strictly
weaker than the classic one as given in [28, (1.6)], [12, Definition 3.1]. We do not
require the existence of an integral model of V that induces all but finitely many
‖ · ‖v, which corresponds to the condition (b) of [28, (1.6)] and to the condition 1)
of [12, Definition 3.1].
Let X be a projective variety over K, that is, a projective, reduced, and irre-
ducible scheme over K. Let L be a line bundle on X . A K-linear series belonging
to L is a K-subspace V of H 0(L). The base locus of V is defined as
BsV :=
⋂
s∈V
{x ∈ X : s(x) = 0} .
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We consider endowing V with an adelic norm (‖ · ‖v)v∈MK on V such that V :=
(V, (‖ · ‖v)v∈MK ) is an adelically normed K-vector space in the above sense. An
adelically normed graded K-linear series V • belonging to L is a graded K-linear
series V• =
⊕
m>0 Vm endowed for each m > 0 with an adelic norm (‖ · ‖Vmv )v∈MK
on Vm in such a way that
(2.2) ‖s⊗ t‖Vm+nv 6 ‖s‖Vmv · ‖t‖V nv
for every v ∈MK , s ∈ Vm, t ∈ Vn, andm,n > 0. Given an adelically normed graded
K-linear series V •, we have a graded K-linear series
⊕
m>0〈Γ̂ss(V m)〉K belonging
to L, and set
(2.3) B̂s
?
(V m) := Bs〈Γ̂?(V m)〉K and B̂?(V •) :=
⋂
m>1
Bs〈Γ̂?(V m)〉K
for m > 1 and ? = ss and s.
Adelically metrized line bundles. Let X be a projective variety over K. For each
v ∈M fK (respectively, v =∞), we denote the Berkovich analytic space (respectively,
complex analytic space) associated to XKv := X ×Spec(K) Spec(Kv) (respectively,
XC :=
∐
σ:K→CX ×Spec(K),σ Spec(C)) by (Xanv , ρv : Xanv → XKv) (see [1, §3.4]). If
W = Spec(A) is affine open subscheme of XKv , then a point x ∈ W an = ρ−1v (W )
corresponds to a multiplicative seminorm | · |x on A whose restriction to Kv is
| · |v, and the morphism ρv|W an : W an → W is given by x → Ker | · |x (see [1,
Remark 3.4.2]). In particular, the multiplicative seminorm | · |x defines a norm on
the residue field k(ρv(x)) at ρv(x) (that is, the field of fractions of A/Ker | · |x),
which we denote by the same | · |x.
Let L be a line bundle on X . For each v ∈ M fK , we put Lanv := ρ∗vLKv . A
continuous metric | · |Lv on Lanv is a collection (| · |Lvx )x∈Xan such that, for every
x ∈ Xanv , | · |Lvx is a (k(ρv(x)), | · |x)-norm on Lanv (x) = LKv(ρv(x)) and, for every
local section s of LKv , the map x 7→ |s|Lv (x) := |s(ρv(x))|Lvx is continuous in the
Berkovich topology.
We consider a finite subset S ofM fK and set U = Spec(OK)\S. A U -model ofX is
a flat, projective, reduced, and irreducible U -scheme XU such that XU×U Spec(K)
is K-isomorphic to X . A U -model of the pair (X,L) is a pair (XU ,LU ) of a
U -model XU of X and a Q-line bundle LU on XU such that LU |X = L as Q-
line bundles. Let (XU ,LU ) be a U -model of (X,L), and let v ∈ U . Given an
x ∈ Xanv , we can uniquely extend by the valuative criterion the natural morphism
Spec(k(ρv(x)))→ XKv to
(2.4) tx : Spec(Ok(ρv(x)))→ XOKv = XU ×U Spec(OKv ),
where Ok(ρv(x)) := {f ∈ k(ρv(x)) : |f |x 6 1}. Let n > 1 be an integer such that
nLOKv is a line bundle on XOKv . For ℓ ∈ Lanv (x), we have ℓ⊗n ∈ (nLOKv ) ⊗OKv
k(ρv(x)) and put
(2.5) |ℓ|LOKv (x) = |ℓ|LOKvx := inf
{
|f |1/nx : f ∈ k(ρv(x)), ℓ⊗n ∈ ft∗x(nLOKv )
}
which does not depend on the choice of n. Put RedXOKv
(x) as the image of the
closed point of Spec(Ok(ρ(x))) via tx. The map
(2.6) RedXOKv
: Xanv → XOKv ×Spec(OKv ) Spec(K˜v)
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is called the reduction map (see [1, §2.4]). Let η be a local frame of nLOKv around
RedXOKv
(x). For ℓ ∈ Lanv (x), choose an f ∈ k(ρv(x)) such that ℓ⊗n = fη(x) in
(nL)anv (x). We then have
(2.7) |ℓ|LOKv (x) = |f |1/nx .
Lemma 2.1. (1) RedXOKv
is anti-continuous.
(2) | · |LOKv is a continuous metric on Lanv .
(3) Let ι : X → XU be the natural morphism and assume that XU is integrally
closed in ι∗OX (see [13, §6.3]). Then s
⊗n extends to a global section of
nLU if and only if
sup
x∈Xanv
|s|LOKv (x) 6 1
for every v ∈ U .
Definition 2.1. We say that XU is relatively normal in X if the condition in
Lemma 2.1(3) is satisfied. Given any U -model XU , there exists an integral mor-
phism ν : X ′U → XU of U -models of X such that X ′U is relatively normal in
X (see [13, §6.3]). We call X ′U a relative normalization of XU in X . Since the
normalization ν˜ : X˜U → XU is a finite morphism, we can see that ν is also finite.
Proof of Lemma 2.1. (1): We cover XOKv with finitely many affine open sub-
schemes Spec(Ai) such that each Ai is a finitely generated OKv -algebra. Put Ai :=
Ai⊗OKvKv and A˜i := Ai⊗OKv K˜v. It is sufficient to show that RedXOKv |Spec(Ai)an :
Spec(Ai)
an → Spec(A˜i) is anti-continuous for each i. A closed subset of Spec(A˜i)
is written as
V (a˜) =
{
p ∈ Spec(A˜i) : f˜j(p) = 0 for all j
}
,
where a˜ is an ideal of A˜i generated by finitely many f˜j ∈ A˜i. Choose fj ∈ Ai
such that the image in A˜i is f˜j . One can see that x ∈ Spec(Ai)an satisfies
f˜j(RedXOKv
(x)) = 0 if and only if fj ∈ Ok(ρv(x)) belongs to the maximal ideal.
So
Red−1
XOKv
(V (a˜)) = {x ∈ Spec(Ai)an : |fj |x < 1 for all j} ,
which is open.
(2): Let n > 1 be an integer such that nLOKv is a line bundle on XOKv . Let
W ′ be an open subscheme of XKv and let s be a local section of LKv over W
′. We
are going to show that W ′an → R, x 7→ |s|LOKv (x), is continuous.
For each x ∈ W ′an, we choose an affine open neighborhood W = Spec(A )
of RedXOKv
(x) such that nLOKv is trivial over W . Set A := A ⊗OKv Kv and
W := Spec(A). Since RedXOKv
(x) is contained in the Zariski closure of ρv(x)
in XOKv , W contains ρv(x). Fix a local frame η of nLOKv over W , and write
s⊗n = fη|W with f ∈ A. Then
|s|LOKv (x) = |f |1/nx
is continuous over W an by definition of the Berkovich topology. So we are done.
(3): It suffices to show the “if” part. We can assume s 6= 0. The section s⊗n can
be regarded as a non-zero rational section of nLU on XU , so it suffices to show
that the Cartier divisor divXU (s
⊗n) on XU is effective.
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Claim 2.2. It suffices to say
(2.8) ordZ(divX (s
⊗n)) > 0
for every vertical prime divisor Z on XU .
Proof of Claim 2.2. There exists a non-empty open subset U ′ ⊂ U such that s⊗n
extends to a global section on XU ′ . Let W = Spec(A ) be an affine open subscheme
of XU such that nLU is trivial with local frame η. We can write s
⊗n = fη with a
rational function f on W . The domain of f contains W ∩XU ′ and all the generic
points of the vertical fibers of W . So, by Lemma 2.3(3), we have f ∈ A . 
Suppose that Z is lying over a place v ∈ U . We define | · |Z by
|φ|Z :=
{
(♯K˜v)
−
ordZ (φ)
ordZ (̟v) if φ 6= 0,
0 if φ = 0
for φ ∈ Rat(XKv ), where Rat(XKv ) denotes the field of rational functions on XKv .
Then | · |Z gives a norm on Rat(XKv ) extending | · |v on Kv, so | · |Z corresponds to
a point xZ ∈ Xanv . Note that ρv(xZ) is the generic point of XKv and RedXOKv (xZ)
is the generic point of Z, so xZ belongs to the Shilov boundary of X
an
v (see [1,
Proposition 2.4.4]). Let f be a local equation defining divXU (s
⊗n) around the
generic point of Z. We then have(
|s|LOKv (xZ)
)n
= |s⊗n|nLOKv (xZ ) = |f |Z = (♯K˜v)−
ordZ (f)
ordZ (̟v) 6 1,
so ordZ(divX (s
⊗n)) = ordZ(f) > 0. 
Lemma 2.3. Let A be a Noetherian integral domain and let S be a multiplicative
subset of A \ {0}. Suppose that A is integrally closed in S−1A.
(1) Let a ∈ A \ {0} and let p be a prime ideal of A associated to aA. If p ∩ S
is non-empty, then Ap is a discrete valuation ring and p has height one.
(2) For any prime ideal P of A such that P ∩ S 6= ∅, one has
depth(AP) > min {ht(P), 2} .
(3) One has
A = S−1A ∩
⋂
P∩S 6=∅
ht(P)=1
AP.
Proof. (1): Let ̟ ∈ p ∩ S. There exists a b ∈ A such that p = {x ∈ A : xb ∈ aA}.
So pAp = {x ∈ Ap : xb ∈ aAp} and ̟b ∈ aAp.
Claim 2.4. pAp is an invertible ideal of Ap.
Proof of Claim 2.4. We have ba−1 ∈ (pAp)−1 ∩ Ap[1/̟] and ba−1 /∈ Ap. Suppose
that (ba−1)pAp is contained in pAp. Since Ap is Noetherian, we can see by the
“determinant trick” (see [21, Theorem 2.1]) that ba−1 ∈ Ap[1/̟] is integral over
Ap. On the other hand, by the hypothesis, Ap is integrally closed in Ap[1/̟] and
it is a contradiction. Hence (ba−1)pAp = Ap. 
By Claim 2.4 and [21, Theorem 11.4], Ap is a discrete valuation ring and p has
height one.
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(2): SinceP∩S 6= ∅, AP has depth > 1. Suppose that ht(P) > 2. Let x1 ∈ P∩S.
If P ⊂ ⋃p∈AssA(A/x1A) p, then P ⊂ p for a p ∈ AssA(A/x1A) (see [21, Exercise 1.6])
and it is a contradiction by the assertion (1). So one can take an
x2 ∈ P \
 ⋃
p∈AssA(A/x1A)
p
 .
By [21, Theorem 6.1(ii)], x2 ∈ PAP is (AP/x1AP)-regular. So, AP has depth > 2.
(3): Let a ∈ A \ {0} and let
aA =
⋂
p∈AssA(A/aA)
I(p)
be a reduced primary decomposition of aA, where I(p) is p-primary in A.
Claim 2.5. One has
(2.9) S−1(aA) ∩A =
⋂
p∈AssA(A/aA)∩Spec(S−1A)
I(p).
Proof. Since
S−1(aA) =
⋂
p∈AssA(A/aA)∩Spec(S−1A)
S−1I(p),
it suffices to show S−1I(p)∩A = I(p) for p ∈ AssA(A/aA)∩Spec(S−1A). Suppose
that sx ∈ I(p) for s ∈ S and x ∈ A. If x /∈ I(p), then s is a zero-divisor for A/I(p)
and s /∈ p, so it is a contradiction. Hence, x ∈ I(p). 
On the other hand, one has by the assertion (1)
(2.10) I(p) = aAp ∩A
for every p ∈ AssA(A/aA) \ Spec(S−1A). So
(2.11) aA = (aS−1A ∩A) ∩
⋂
p∈AssA(A/aA)\Spec(S−1A)
(aAp ∩A).
If
ba−1 ∈ S−1A ∩
⋂
P∩S 6=∅
ht(P)=1
AP,
then, by the equation (2.11), we have
b ∈ (aS−1A ∩ A) ∩
⋂
P∈AssA(A/aA)\Spec(S−1A)
(aAP ∩ A) = aA
and ba−1 ∈ A. 
Lemma 2.6. Let L be a line bundle on X.
(1) There exists an OK -model (X ,L ) of (X,L) such that L is a line bundle
on X .
(2) Let U be a non-empty open subset of Spec(OK) and let (XU ,LU ) and
(X ′U ,L
′
U ) be two U -models of (X,L). There then exists a non-empty open
subset U0 ⊂ U such that XU0 and X ′U0 are U0-isomorphic and LU0 = L ′U0
as Q-line bundles.
RESTRICTED VOLUMES AND BASE LOCI 9
Proof. (1): Since X is projective, L can be written as a difference L2 − L1 of two
effective line bundles. Each of −Li can be regarded as a locally principal ideal sheaf
Ii of OX by a non-zero global section of Li.
Let X1 be an OK-model of X , let J1 be the kernel of OX1 → OX/I1, and let
µ1 : X2 → X1 be the blow-up along J1. So I1 := J1OX2 is invertible and X2 is
an OK -model of X . Let J2 be the kernel of OX2 → OX/I2, let µ2 : X3 → X2 be
the blow-up along J2, and let I2 := J2OX3 . Then X := X3 is an OK-model of X
and L := µ∗2I1 ⊗I ⊗(−1)2 is an invertible sheaf extending L.
(2): Let n > 1 be an integer such that both nLU and nL
′
U are line bundles.
Let X ′′U be the Zariski closure of the diagonal idX × idX : X → XU ×U X ′U in
XU×UX ′U . We then have two birational projective U -morphisms XU
ϕU←−− X ′′U
ψU−−→
X ′U . The two line bundles ϕ
∗
U (nLU ) and ψ
∗
U (nL
′
U ) on X
′′
U are isomorphic over
the generic fiber X . So, by [15, Corollaires (8.8.2.4) et (8.8.2.5)], one can find a
U0 ⊂ U such that ϕU0 and ψU0 are isomorphisms and ϕ∗U0(nLU0) and ψ∗U0(nL ′U0)
are isomorphic. 
Lemma 2.7. Let j : Y → X be a morphism of projective varieties over K and
let L be a line bundle on X. Let U ⊂ Spec(OK) be a non-empty open subset. Let
(XU ,LU ) be a U -model of (X,L), let YU be a U -model of Y , and let jU : YU → XU
be a U -morphism that extends j. Then, for any P ∈ U , any local section s of L,
and any y ∈ Y anP ,
|j∗s|j∗ULOKP (y) = |s|LOKP (janP (y)).
Proof. Set x := janP (y). Note that
ρP (x) = j(ρP (y)) and RedXOKP
(x) = jU (RedYOKP
(y)).
Let n > 1 be an integer such that nLU is a line bundle. Let η be a local frame
of nLOKP around RedXOKP
(x) and set s(ρP (x)) = fη(ρP (x)) in L
an
P (x) with
f ∈ k(ρP (x)). Then j∗Uη is a local frame of j∗U (nLOKP ) around RedYOKP (y) and
(j∗s)(ρP (y)) = (j
∗f)(j∗Uη)(ρP (y)). So
|j∗s|j∗ULOKP (y) = |j∗f |y = |f |x = |s|LOKP (x).

Definition 2.2. Let S be a finite subset of MK containing ∞. An S-adelically
metrized line bundle on X is a pair L =
(
L, (| · |Lv )v∈MK\S
)
of a line bundle L on
X and a collection of metrics (| · |Lv )v∈MK\S having the following properties.
(a) For every v ∈MK \ S, | · |Lv is a continuous metric on Lanv .
(b) There exist a non-empty open set U ⊂ Spec(OK) \ S and a U -model
(XU ,LU ) of (X,L) such that, for every P ∈ U , | · |LP (x) = | · |LOKP (x)
holds on XanP .
By Lemma 2.6, there exist a non-empty open subset U ⊂ Spec(OK) and a U -model
(XU ,LU ) of (X,L) such that (XU ,LU ) satisfies the condition (b) above and LU
is a line bundle on XU . We call such a U -model a U -model of definition for L.
An adelically metrized line bundle on X is a pair L =
(
L, (| · |Lv )v∈MK
)
such
that L
{∞}
:=
(
L, (| · |Lv )v∈M f
K
)
is an {∞}-adelically metrized line bundle on X and
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| · |L∞ is a continuous Hermitian metric on Lan∞ such that for every x ∈ Xan∞ and
every local section s of Lan∞
(2.12) |F ∗∞s|(x) = |s|(x)
holds, where F∞ : x 7→ x is the complex conjugation on Xan∞ . The Z-module of all
the adelically metrized line bundles on X is denoted by P̂ic(X), and an element in
P̂icQ(X) := P̂ic(X)⊗Z Q is called an adelically metrized Q-line bundle on X .
Let L =
(
L, (| · |Lv )v∈MK\S
)
be an adelically metrized line bundle on X , let s be
a non-zero rational section of L, and let v ∈MK . Suppose that x /∈ Supp(div(s))anv ,
so ρv(x) /∈ Supp(div s). Let f be a regular function defined around ρv(x) such that
fs is a local section of L around ρv(x) and f(ρv(x)) 6= 0. Then we can define
|s|Lv (x) :=
|fs|Lv (x)
|f |x ,
which does not defend on the choice of f .
Remark 2.8. (1) Let L be an adelically metrized Q-line bundle in our sense,
let n > 1 be an integer such that nL is an adelically metrized line bundle,
and let s be a non-zero rational section of nL. Then
(1/n)
(
div(s), (−2 log |s|nLv )v∈MK
)
is an adelic arithmetic R-divisor in the sense of Moriwaki [24].
(2) Let KX := H
0(OX) and let K ⊂ K ′ ⊂ KX be a subextension. Given a
finite place v of K and a point x ∈ Xanv , we can restrict | · |x to K ′ and
obtain a place w of K ′ lying over v. Thus we have
Xanv =
⋃
w|v
Xanw ,
where w runs over all the finite places of K ′ lying over v. So, in particular,
the notion of adelically metrized line bundles does not depend on the choice
of K.
(3) Let X be a projective arithmetic variety over OK , let L be a Q-line bundle
on X , and let n > 1 be an integer such that nLK is a line bundle on XK .
To L , we can associate an {∞}-adelically metrized line bundle
L
ad := (1/n)
(
nLK , (| · |nLOKP )P∈M f
K
)
and, to a continuous Hermitian Q-line bundle L on X , we can associate
an adelically metrized Q-line bundle
L
ad
:= (1/n)
(
nLK , (| · |nLOKP )P∈M fK ∪ (| · |
nL
∞ )
)
.
(4) For each v ∈MK , we define the trivial metric |·|trivv on OanX,v as the collection
(|·|x)x∈Xanv of the norms |·|x on k(ρv(x)). Then O
triv
X :=
(
OX , (| · |trivv )v∈MK
)
is an adelically metrized line bundle on X . For any continuous function
λ : XanP → R, we set
OX(λ[P ]) :=
(
OX , (|̟P |λP | · |trivP ) ∪ (| · |trivv )v∈MK\{P}
)
RESTRICTED VOLUMES AND BASE LOCI 11
and, for any continuous function λ : Xan∞ → R that is invariant under the
complex conjugation, we set
OX(λ[∞]) :=
(
OX , (exp(−λ)| · |triv∞ ) ∪ (| · |trivv )v∈M fK
)
.
Let π : X → Spec(OK) be an OK-model of X . If λ ∈ Q, then the adeli-
cally metrized Q-line bundle on X associated to λ
(
OX (π
−1(P )), | · |triv∞
)
is
OX(λ[P ]).
Let L =
(
L, (| · |Lv )v∈MK
)
be an adelically metrized line bundle on X . For each
v ∈MK , we define the supremum norm of s ∈ H 0(L)⊗K Kv by
(2.13) ‖s‖Lv,sup := sup
x∈Xanv
{
|s|Lv (x)
}
.
Then
(2.14) V • =
⊕
m>0
(
H
0(mL), (‖ · ‖Lv,sup)v∈MK
)
is an adelically normed graded K-linear series belonging to L, and we write, for
short, Γ̂f(mL) := Γ̂f(V m),
Γ̂?(mL) := Γ̂?(V m), B̂s
?
(mL) := B̂s
?
(V m), and B̂
?(L) := B̂?(V •),
where ? = ss or s. We refer to a section in Γ̂ss(L) as a strictly small section of L.
Since B̂?(mL) = B̂?(L) for every m > 1, we can define B̂?(L) for every adelically
metrized Q-line bundle L.
Let (XU ,LU ) be a U -model of definition for L
{∞}
and let νU : X
′
U → XU be a
relative normalization in X (Definition 2.1). Then we have a natural injection
(2.15) Γ̂f(L)→ H 0(ν∗ULU )
(Lemma 2.1(3)).
Definition 2.3. The arithmetic volume of an adelically metrized line bundle L is
defined as
(2.16) v̂ol(L) := lim sup
m→+∞
log ♯ Γ̂ss(mL)
mdimX+1/(dimX + 1)!
.
(Note that in the original definition in [24], Moriwaki uses Γ̂s(mL) instead of
Γ̂ss(mL). These two definitions are actually equivalent by continuity of the vol-
ume function.) We recall the following results (see [24] for detail).
(1) The lim sup in (2.16) is actually a limit.
(2) For any adelically metrized line bundle L and for any a > 1, v̂ol(aL) =
adimX+1 v̂ol(L). In particular, we can define v̂ol for adelically metrized
Q-line bundles on X .
Positivity notions for adelically metrized Q-line bundles are defined as follows.
(effective): An adelically metrized line bundle L on X is said to be effective
if Γ̂s(L) 6= {0}. For L1, L2 ∈ P̂ic(X), we write L1 6 L2 if L2 − L1 is
effective.
(big): We say that an adelically metrized Q-line bundle L is big if v̂ol(L) > 0.
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(pseudoeffective): We say that an adelically metrized Q-line bundle L is
pseudoeffective if L+A is big for every big adelically metrized Q-line bundle
A. For L1, L2 ∈ P̂icQ(X), we write L1  L2 if L2 − L1 is pseudoeffective.
Example 2.1. Unlike the geometric case (Zariski’s theorem on removable base
loci), B̂ss(L) can contain an isolated closed point. Let X := PdZ be the projec-
tive space and let L := OX (1) be the hyperplane line bundle. We consider the
Hermitian metric | · |L on L defined by
|X0|L (x0 : · · · : xd)2 := |x0|
2
max {a20|x0|2, . . . , a2d|xd|2}
,
and set L := (L , | · |L ). If aj > 1 for j 6= i and 0 < ai < 1, then B̂ss(L ad) = {(0 :
· · · : 0 : i1 : 0 : · · · : 0)}.
Proposition 2.9. Let L =
(
L, (| · |Lv )v∈M fK
)
be an {∞}-adelically metrized line
bundle on X and let U be a non-empty open subset of Spec(OK).
(1) For any U -model of definition (XU ,LU ) for L and for any ε > 0, there
exists an OK-model (Xε,Lε) such that Xε×Spec(OK) U is U -isomorphic to
XU , Lε|XU = LU as Q-line bundles, and
exp(−ε)| · |Lε,OKP (x) 6 | · |LP (x) 6 exp(ε)| · |Lε,OKP (x)
for every P ∈ Spec(OK) \ U and every x ∈ XanP .
(2) If L is nef, then the following are equivalent.
(a) For any U -model of definition (XU ,LU ) for L and for any ε > 0,
there exists an OK-model (Xε,Lε) such that Xε ×Spec(OK) U is U -
isomorphic to XU , Lε|XU = LU as Q-line bundles, Lε is relatively
nef, and
exp(−ε)| · |Lε,OKP (x) 6 | · |LP (x) 6 exp(ε)| · |Lε,OKP (x)
for every P ∈ Spec(OK) \ U and every x ∈ XanP .
(b) For any U -model of definition (XU ,LU ) for L and for any rational
number ε > 0, there exist OK -models (Xε,Lε,1) and (Xε,Lε,1) such
that Xε×Spec(OK)U is U -isomorphic to XU , Lε,i|XU = LU as Q-line
bundles, Lε,i are relatively nef, and
exp(−ε)| · |LP (x) 6 | · |Lε,1,OKP (x) 6 | · |LP (x) 6 | · |Lε,2,OKP (x) 6 exp(ε)| · |LP (x)
for every P ∈ Spec(OK) \ U and every x ∈ XanP .
Proof. For the assertion (1), we refer to [24, Theorem 4.1.3] (see also [7]). We are
going to show the equivalence (a) ⇔ (b) in the assertion (2). The implication (b)
⇒ (a) is clear since we can take a rational number 0 < ε′ 6 ε and set Lε := Lε′,1.
(a)⇒ (b): By the condition (a), given any rational number ε > 0 we can find an
OK-model (Xε,Lε) such that Xε×Spec(OK)U is U -isomorphic to XU , Lε|XU = LU
as Q-line bundles, Lε is relatively nef, and
|̟P |ε
′
P | · |Lε,OKP (x) 6 | · |LP (x) 6 |̟P |−ε
′
P | · |Lε,OKP (x)
for every P ∈ Spec(OK) \ U and x ∈ XanP , where ε′ is a rational number such that
0 < ε′ 6
ε
− log |̟P |P .
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Let πε : Xε → Spec(OK) denote the structure morphism and set
Lε,1 := Lε − ε′
∑
P /∈U
OXε(π
−1
ε (P )) and Lε,2 := Lε + ε
′
∑
P /∈U
OXε(π
−1
ε (P )).
Then
| · |Lε,1,OKP = |̟P |ε′P | · |Lε,OKP and | · |Lε,2,OKP = |̟P |−ε
′
P | · |Lε,OKP .

Definition 2.4. Let L =
(
L, (| · |Lv )v∈MK
)
be an adelically metrized line bundle on
X and let x ∈ X(K) be an algebraic point on X . Let K(x) be a field of definition
for x such that K(x)/Q is finite, that is, K(x) is a number field that contains
the residue field k(x) of the image of x. For each P ∈ M fK , we have a canonical
isomorphism K(x)⊗KKP =
⊕
Q|P K(x)Q (see [8, Chap. VI, §8.2, Corollary 2]), so
(2.17) [K(x) : K] = [K(x)⊗K KP : KP ] =
∑
Q|P
[K(x)Q : KP ].
We can choose a non-zero rational section s of L such that x /∈ Supp(div(s)). For
v ∈M fK , we set
(2.18) d̂egv
(
d̂iv(s)|x
)
:= −
∑
w|v
[K(x)w : Kv] log |s|Lv (xw),
where w runs over all the finite places of K(x) lying over v and xw ∈ Xanv is the
point corresponding to (k(x)w , w|k(x)). For v =∞,
(2.19) d̂eg∞
(
d̂iv(s)|x
)
:= −
∑
σ:K(x)→C
log |s|L∞(xσ).
We then define the height of x by
(2.20) hL(x) :=
1
[K(x) : K]
∑
v∈MK
d̂egv
(
d̂iv(s)|x
)
,
which does not depend on the choice of K(x) and s. For L,M ∈ P̂ic(X), we have
hL+M (x) = hL(x) + hM (x), so we can define hL(x) for every L ∈ P̂icQ(X).
(nef): We say that L ∈ P̂ic(X) is nef if the following are satisfied.
(a) L is nef.
(b) The {∞}-adelically metrized line bundle L{∞} satisfies the equivalent
conditions in Proposition 2.9(2).
(c) The curvature current of (Lan∞ , | · |L∞) is semipositive.
(d) For every x ∈ X(K), the height hL(x) is non-negative.
An adelically metrized Q-line bundle L is said to be nef if some multiple
of L is nef.
(integrable): We say that L ∈ P̂icQ(X) is integrable if L is a difference of
two nef adelically metrized Q-line bundles. Denote the Q-vector space of
all the integrable adelically metrized Q-line bundles on X by Înt(X).
Proposition 2.10. (1) There exists a unique map
d̂eg : P̂icQ(X)× Înt(X)× dimX → R,
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(L0;L1 . . . , LdimX)→ d̂eg(L0 · L1 · · ·LdimX),
having the following properties.
(a) d̂eg is multilinear and the restriction d̂eg : Înt(X)×(dimX+1) → R is
symmetric.
(b) If L ∈ P̂icQ(X) is nef, then d̂eg(L·(dimX+1)) = v̂ol(L).
(c) If L0 is pseudoeffective and L1, . . . , LdimX are nef, then
d̂eg(L0 · L1 · · ·LdimX) > 0.
(2) For λ ∈ R and for L1, . . . , LdimX ∈ Înt(X), we have
d̂eg
(
OX(λ[∞]) · L1 · · ·LdimX
)
= [K : Q]λdegK(L1 · · ·LdimX).
(3) Suppose that X is normal, and let ϕ : X ′ → X be a birational projective
K-morphism. Then
P̂icQ(X
′)× Înt(X ′)× dimX d̂eg // R
P̂icQ(X)× Înt(X)× dimX d̂eg //
ϕ∗×(dimX+1)
OO
R
is commutative.
Remark 2.11. (1) The above map d̂eg gives a unique extension of the classical
arithmetic intersection numbers of C∞-Hermitian line bundles.
(2) If L0, . . . , LdimX and M0, . . . ,MdimX are nef adelically metrized Q-line
bundle on X and Li  M i for every i, then, by successively use of the
property (c) of Proposition 2.10(1), we have
d̂eg(L0 · · ·LdimX) 6 d̂eg(M0 · · ·MdimX).
Proof. (1): We refer to [24, §4.5], [16, Proof of Lemma 2.6], and [24, Proposi-
tion 4.5.4].
(2): If Li are associated to C
∞-Hermitian line bundles on some OK-model of
X , then the assertion is clear. In general, we can show the result by approximation
(Proposition 2.9).
(3): If Li are associated to continuous Hermitian line bundles on an OK -model
of X , then the assertion follows from the projection formula [18, Proposition 2.4.1]
(see also [16, Lemma 2.3]). In general, we can assume that L0, . . . , LdimX are
nef and approximate them by nef continuous Hermitian line bundles on a suitable
OK-model of X . 
3. Basic properties of base loci
In this section, we collect some elementary properties of the augmented base loci
of general graded linear series. Let X be a projective variety over a field k, and let
L be a line bundle on X . Recall that the base locus, the stable base locus, and the
augmented base locus of L are respectively defined as
Bs(L) := BsH 0(L), B(L) :=
⋂
m>1
Bs(mL), and B+(L) :=
⋂
a>1
B(aL −A),
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where A is a fixed ample line bundle onX andB+(L) does not depend on the choice
of A. By homogeneity, we can define the stable base locus and the augmented base
locus for all Q-line bundles on X .
To a k-linear series V ⊂ H 0(L), we can associate a k-morphism denoted by
(3.1) ΦV : X \BsV → Pk(V ).
A graded k-linear series V• =
⊕
m>0 Vm belonging to L is a sub-graded k-algebra
of
⊕
m>0H
0(mL). Let V• be a graded k-linear series belonging to L, let A be a
line bundle on X , and let a > 1 be an integer. We define a k-linear series belonging
to aL−A as
(3.2) Λ(V•;A, a) :=
〈
s :
Image
(
H 0(pA)
⊗s⊗p−−−→ H 0(paL)
)
⊂ Vpa,
for every sufficiently large p
〉
k
.
It is clear that BsΛ(V•;nA, na) ⊂ BsΛ(V•;A, a) for every n > 1. Thus, if we set
(3.3) B(V•;A, a) :=
⋂
n>1
BsΛ(V•;nA, na),
then B(V•;A, a) = BsΛ(V•;nA, na) for every sufficiently divisible n.
Let µ : X ′ → X be a birational k-morphism of projective k-varieties and let V•
be a graded k-linear series belonging to a line bundle L on X . If X is normal, then
H
0(mL)
µ∗
= H 0(µ∗(mL)) for every m > 1. We define the pull-back of V• via µ as
(3.4) µ∗V• :=
⊕
m>0
Image
(
Vm
µ∗−→ H 0(µ∗(mL))
)
.
Definition 3.1 (see [9, Definition 2.2]). We define the augmented base locus of V•
as
(3.5) B+(V•) :=
⋂
A: ample,
a>1
BsΛ(V•;A, a),
where the intersection is taken over all the ample line bundles A on X and all the
positive integers a.
Lemma 3.1. Let V• be a graded linear series belonging to L.
(1) If A,B are two line bundles on X, then for a, b > 1
B(V•;A, a) ⊂ B(V•;B, b) ∪B((1/b)B − (1/a)A).
(2) For any ample line bundle A, B+(V•) = B(V•;A, a) holds for every a≫ 1.
(3) If A is semiample, then BsΛ(V•;A, a) ⊃ B(V•) for every a > 1.
(4) Let µ : X ′ → X be a birational k-morphism of projective k-varieties. If X
is normal, then
BsΛ(µ∗V•;µ
∗A, a) = µ−1 BsΛ(V•;A, a).
(5) The following are equivalent.
(a) L is ample and Vm = H
0(mL) for every sufficiently divisible m≫ 1.
(b) For some a > 1, ΦVa : X → Pk(Va) is a closed immersion.
(c) B+(V•) = ∅.
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Proof. (1): Suppose that x /∈ B(V•;B, b) ∪ B((1/b)B − (1/a)A). There exists an
n > 1 such that x /∈ Bs(n(aB − bA)) and x /∈ BsΛ(V•;naB, nab). We can find an
s ∈ Λ(V•;naB, nab) and a t ∈ H 0(n(aB − bA)) such that s(x) 6= 0 and t(x) 6= 0.
Set s′ := s⊗ t ∈ H 0(nb(aL−A)). Then s′(x) 6= 0 and
Image
(
H
0(pnbA)
⊗t⊗p−−−→ H 0(pnaB) ⊗s
⊗p
−−−→ H 0(pnabL)
)
⊂ Vpnab
for every p≫ 1.
(2): Since X is a Noetherian topological space, there exist ample line bundles
B1, . . . , Br and positive integers b1, . . . , br such that
B+(V•) =
r⋂
i=1
BsΛ(V•;Bi, bi).
We can find an a0 > 1 such that (1/bi)Bi − (1/a0)A are ample for all i. Then by
the assertion (1), we have B+(V•) = BsΛ(V•;A, a) for every a > a0.
(3): Suppose that x /∈ BsΛ(V•;A, a). Since A is semiample, there exist a p > 1, a
t ∈ H 0(pA), and an s ∈ H 0(aL−A) such that t(x) 6= 0, s(x) 6= 0, and t⊗s⊗p ∈ Vpa.
Thus x /∈ B(V•). The assertion (4) is clear.
(5): The implications (a) ⇒ (b) and (a) ⇒ (c) are clear.
(b) ⇒ (a) Let P := Pk(Va) and let OP (1) be the hyperplane line bundle on P .
Since aL = Φ∗VaOP (1), H
0(OP (p)) = Sym
p
k Va → H 0(paL) is surjective for every
p≫ 1. Thus Vpa = H 0(paL) for every p≫ 1.
(c) ⇒ (b) One can find a very ample line bundle A and an a > 1 such that
B+(V•) = BsΛ(V•;A, a) = ∅.
There exist s0, . . . , sr ∈ H 0(aL −A) and a p > 1 such that
{x ∈ X : s0(x) = · · · = sr(x) = 0} = ∅
and
Image
(
H
0(pA)
⊗s⊗pi−−−→ H 0(paL)
)
⊂ Vpa
for all i. Denote the k-morphism defined by s⊗p0 , . . . , s
⊗p
r by Φ : X → Prk. Since
X
ΦpA×Φ−→ Pk(H 0(pA)) ×k Prk
Segre emb.−−−−−−−→ Pk(H 0(pA) ⊗k 〈s⊗p0 , . . . , s⊗pr 〉k) is a closed
immersion, so is ΦVpa . 
Let µ : X ′ → X be a morphism of k-varieties. The exceptional locus of µ is
defined as the minimal Zariski closed subset Ex(µ) ⊂ X ′ such that
(3.6) µ|X′\Ex(µ) : X ′ \ Ex(µ)→ X
is an immersion. If µ : X ′ → µ(X ′) is not birational, then Ex(µ) is defined as X ′.
Lemma 3.2. Let µ : X ′ → X be a birational projective k-morphism of k-varieties.
If X is normal, then the exceptional locus of µ is given as
Ex(µ) =
⋃
Z′⊂X′,
dimZ′>dimµ(Z′)
Z ′.
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Proof. The inclusion ⊃ is clear, so we are going to show the reverse. By [14,
Proposition (4.4.1)], one has
Ex(µ) =
{
x′ ∈ X ′ : dimx′ µ−1 (µ(x′)) > 1
}
and µ−1 (µ (Ex(µ))) = Ex(µ). Given any closed point x′ ∈ Ex(µ), there exists
an irreducible component Z ′ of µ−1 (µ(x′)) such that Z ′ passes through x′ and
dimZ ′ > 1. Since µ(x′) is a closed point of X , one has dimZ ′ > dimµ(Z ′). 
Lemma 3.3. Suppose that X is normal. Let V• be a graded k-linear series belonging
to a line bundle L on X.
(1) B+(V•) =
⋂
µ:X′→X µ (B+(µ
∗V•)), where the intersection is taken over all
the projective birational k-morphisms µ onto X.
(2) Let µ : X ′ → X be a birational k-morphism of projective k-varieties. Then
B+(µ
∗V•) = µ
−1
B+(V•) ∪ Ex(µ).
Proof. (1): The inclusion ⊃ is obvious by definition. The reverse follows from the
following claim.
Claim 3.4. For any µ : X ′ → X, we have B+(V•) ⊂ µ (B+(µ∗V•)).
Proof of Claim 3.4. Let A be an ample line bundle on X . Suppose that x /∈
µ (B(µ∗V•;A
′, a)) for a positive integer a and an ample line bundle A′ on X ′ such
that A′ − µ∗A is ample. Since
µ−1B(V•;A, a) = B(µ
∗V•;µ
∗A, a) ⊂ B(µ∗V•;A′, a)
by Lemma 3.1(1),(4), we have x /∈ B(V•;A, a). 
(2): Suppose that x′ /∈ B(µ∗V•;A′, a) for an ample line bundle A′ on X ′ and an
a > 1. Since B(µ∗V•;A
′, a) ⊃ B (µ∗L− 1aA′) ⊃ Ex(µ) (see [19, Lemma 3.39(2)]),
x′ /∈ Ex(µ). Thus by the assertion (1), we have µ(x′) /∈ B+(V•).
To show the reverse, we assume that x′ /∈ µ−1B+(V•) ∪ Ex(µ). By [4, Propo-
sition 2.3], we can find an ample line bundle A on X , an ample line bundle A′
on X ′, and an a > 1 such that x′ /∈ Bs (µ∗A−A′) = Ex(µ) and that x′ /∈
B(µ∗V•;µ
∗A, a) = µ−1B+(V•). Thus we have x
′ /∈ B(µ∗V•;A′, a) by Lemma 3.1(1).

Lemma 3.5. (1) For positive integers m,n, we have
Ex(ΦVmn) ∪ Bs(Vmn) ⊂ Ex(ΦVm) ∪ Bs(Vm).
(2) For every sufficiently divisible n, we have
Ex(ΦVn) ∪ Bs(Vn) =
⋂
m>1
(Ex(ΦVm) ∪ Bs(Vm)) .
Proof. (1): Set Q := Coker (V ⊗nm → Vmn). Considering the commutative diagram
X \ (Ex(ΦVm) ∪ Bs(Vm))
ΦVmn //
Φ×n
Vm

Pk(Vmn) \ Pk(Q)

Pk(Vm)
×n Segre emb. // Pk(V ⊗nm ),
we know that ΦVmn : X \ (Ex(ΦVm) ∪ Bs(Vm))→ Pk(Vmn) is an immersion.
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(2): Since X is a Noetherian topological space, one can find positive integers
m1, . . . ,mr such that⋂
m>1
(Ex(ΦVm) ∪ Bs(Vm)) =
r⋂
i=1
(
Ex(ΦVmi ) ∪ Bs(Vmi)
)
.
Thus by (1) we have⋂
m>1
(Ex(ΦVm) ∪ Bs(Vm)) = Ex(ΦVam1···mr ) ∪ Bs(Vam1···mr)
for every a > 1. 
Lemma 3.6. For any graded k-linear series V• belonging to L, we have
B+(V•) ⊃
⋂
m>1
(Ex(ΦVm) ∪ Bs(Vm)) .
Proof. We choose a very ample line bundle A on X and an a > 1 such that B(V•) =
Bs(Va) and B+(V•) = BsΛ(V•;A, a). Fix a basis s0, . . . , sr for Λ(V•;A, a) and take
a p > 1 such that
Image
(
H
0(pA)
⊗s⊗pi−−−→ H 0(paL)
)
⊂ Vpa
for all i. Denote the k-morphism defined by s⊗p0 , . . . , s
⊗p
r by Φ : X\BsΛ(V•;A, a)→
Prk and set Q := Coker
(
H 0(pA)⊗k 〈s⊗p0 , . . . , s⊗pr 〉k → Vpa
)
. Considering a commu-
tative diagram
X \ Bs(Vpa)
ΦVpa // Pk(Vpa) \ Pk(Q)

X \ BsΛ(V•;A, a)
ΦpA×Φ//
OO
Pk(H
0(pA)) ×k Prk
Segre // Pk(H 0(pA)⊗k 〈s⊗p0 , . . . , s⊗pr 〉k)
we have that ΦVpa is an immersion over X \B+(V•). 
The following was proved in [10, 5].
Theorem 3.7. Suppose that X is normal, and let L be a line bundle on X.
(1) B+(L) is characterized as the minimal Zariski closed subset of X such that
the restriction of the Kodaira map
ΦmL : X \ Bs(mL)→ Pk(H 0(mL))
to X \B+(L) is an immersion for every sufficiently divisible m≫ 1.
(2) We have
B+(L) =
⋃
Z⊂X,
volX|Z (L)=0
Z.
Proof. If k = H 0(OX), then by passing to the algebraic closure k, we can apply [5,
Theorems A and B]. In general, since the natural morphism PH 0(OX)(H
0(mL))→
Pk(H
0(mL)) ×k Spec(H 0(OX)) is a closed immersion, we can easily deduce the
result from the case of k = H 0(OX). 
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Remark 3.8. In Theorem 5.5 and Corollary 7.11, we show analogous results of
Theorem 3.7 under the conditions that X is a normal projective variety over a
number field K and V• =
⊕
m>0〈Γ̂ss(mL)〉K for an L ∈ P̂ic(X).
4. A result of Zhang–Moriwaki
In this section, we give a simple proof to the Zhang–Moriwaki theorem (see [23,
Corollary B] and Theorem 4.3 below). The proof is independent of the previous
sections except Lemma 3.6. Our method can recover [23, Theorem A] but not so
powerful as recovering the arithmetic Nakai-Moishezon criterion (see [23, Theo-
rem 3.1]). Let X be a projective variety over a number field K, and let L be a line
bundle on X .
Lemma 4.1. Let V • be an adelically normed graded K-linear series belonging to
L. If V• is Noetherian, then the following are equivalent.
(1) Vm = 〈Γ̂ss(V m)〉K for every m≫ 1.
(2) For an integer a > 1, Vma = 〈Γ̂ss(V ma)〉K for every m≫ 1.
Proof. The implication (1) ⇒ (2) is clear and we are going to show (2) ⇒ (1).
Claim 4.2. The Veronese subalgebra
(4.1) V (a)
•
:=
⊕
m>0
Vma
is also Noetherian and V• is a finitely generated V
(a)
• -module.
Proof. This is well-known (see [8, Chap. III, §1.3, Proposition 2]). 
By [8, Chap. III, §1.3, Proposition 3], we can replace a with a high multiple of
a and assume that V (a)
•
is generated by Va over V0 and Va = 〈Γ̂ss(V a)〉K .
Let α1, . . . , αp ∈ V0 be generators of V0 over K and let
Γ̂ss(V a) \ {0} = {s1, . . . , sq} .
By Claim 4.2, we can take generators t1 ∈ Vn1 , . . . , tr ∈ Vnr of V• as a V (a)• -module.
Then
Vm =
∑
a(i1+···+iq)+nj=m
(Kα1 + · · ·+Kαq)s⊗i11 ⊗ · · · ⊗ s⊗iqq ⊗ tj
for every m≫ 1. If i1 + · · ·+ iq is sufficiently large, we can see that
s⊗i11 ⊗ · · · ⊗ s⊗iqq ⊗ (αktj) ∈ 〈Γ̂ss(V m)〉K
for every k, j. So we have Vm = 〈Γ̂ss(V m)〉K for every m≫ 1. 
Theorem 4.3. Let X be a projective variety over a number field K, and let L be a
line bundle on X. Let V • be an adelically normed graded K-linear series belonging
to L. Suppose the following.
(a) V• is Noetherian.
(b) B̂ss(V •) = ∅.
Then Vm = 〈Γ̂ss(V m)〉K for every m≫ 1.
Proof. Thanks to Lemma 4.1, we can assume Bs(Vm) = B̂s
ss
(V m) = ∅ for every
m > 1. We divide the proof into two steps.
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Step 1. First, we suppose that V• is generated by V1 over K, so, in particular, V0 =
K. Let P := PK(V1), let Y := ΦV1(X) be the image, and decompose the morphism
ΦV1 into X
Φ−→ Y → P . Let OP (1) (respectively OY (1)) be the hyperplane line
bundle on P (respectively Y ). For every m > 1, the image of the homomorphism
(4.2) Φ∗V1 : H
0(OP (m)) = Sym
m
K V1
rest.−−−→ H 0(OY (m)) Φ
∗
−−→ H 0(mL)
coincides with Vm.
For each m > 1, let
(4.3) Wm := (Φ
∗)−1
(
〈Γ̂ss(V m)〉K
)
be the K-subspace of H 0(OY (m)). ThenW• forms a gradedK-linear series belong-
ing to OY (1). We can choose an a > 1 such that the restriction
(4.4) H 0(OP (m))։ H
0(OY (m))
is surjective for every m > a and the homomorphism
(4.5) SympK H
0(OY (a))։ H
0(OY (pa))
is surjective for every p > 1.
Claim 4.4. For any y ∈ Y , there exists an s ∈ W1 such that s(y) 6= 0 and
Φ∗s ∈ Γ̂ss(V 1).
Proof of Claim 4.4. We can find an s0 ∈ H 0(OP (1)) such that s0(y) 6= 0 and
Φ∗V1s0 ∈ Γ̂ss(V 1). Then the restriction s := s0|Y has the desired properties. 
Claim 4.5. Let y ∈ Y and s ∈ W1 be as in Claim 4.4. There exists an integer
b > 1 such that
Image
(
H
0(OY (pa))
⊗s⊗pb−−−−→ H 0(OY (p(a+ b)))
)
⊂Wp(a+b)
for every p≫ 1. In other words, s⊗b ∈ Λ(W•;OY (a), a+ b).
Proof of Claim 4.5. Fix a K-basis e1, . . . , er for H
0(OY (a)). By (4.2) and (4.4),
Φ∗ej ∈ Va for every j. Hence we can find a b > 1 such that
Φ∗(ej ⊗ s⊗b) = (Φ∗ej)⊗ (Φ∗s)⊗b ∈ 〈Γ̂ss(V a+b)〉K
for every j. Since by (4.5) SympK H
0(OY (a))→ H 0(OY (pa)) is surjective for every
p, we have the claim. 
By Claim 4.5, we have y /∈ BsΛ(W•;OY (a), a + b), and B+(W•) = ∅. By
Lemma 3.6, a K-morphism Y → Q := PK(Wc) associated to Wc is a closed im-
mersion for some c > 1. Let OQ(1) be the hyperplane line bundle on Q. Since the
upper arrow of the diagram
H
0(OQ(m)) = Sym
m
K(Wc)
rest. //

H
0(OY (mc))
Φ∗

〈Γ̂ss(V mc)〉K // Vmc
is surjective for every m ≫ 1, we have 〈Γ̂ss(V mc)〉K = Vmc for every m ≫ 1. By
using Lemma 4.1 again, we conclude.
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Step 2. Next, we consider the general case. By [8, Chap. III, §1.3, Proposition 3]
and Lemma 4.1, we can assume without loss of generality that V• is generated by
V1 over V0. Let W• be the sub-graded K-algebra of V• generated by V1. Each
Wm (m > 0) is endowed with the subspace norms (‖ · ‖Wmv )v∈MK induced from
(‖ · ‖Vmv )v∈MK .
We choose a suitably small ε > 0 and replace ‖ · ‖Wm∞ with exp(εm)‖ · ‖Wm∞ . By
applying the above arguments, we can find an m0 > 1 such that, for every m > m0,
Wm is generated over K by its strictly small sections with ‖ · ‖Wm∞ < exp(−εm).
Let α1, . . . , αp ∈ Γ̂f(V 0) be generators of V0 over K. Then
Vm = (Kα1 + · · ·+Kαp)Wm
is generated by its strictly small sections for every m with
m > max
{
m0,
log ‖α1‖V 0∞
ε
, . . . ,
log ‖αp‖V 0∞
ε
}
.

Remark 4.6. There are many graded linear series V• such that V• are Noetherian,
B(V•) = ∅, and Vm 6= H 0(mL) for every m > 1. Suppose that a line bundle L on
X is free and let µ : Y → X be a morphism such that H 0(mL) → H 0(µ∗(mL)) is
not surjective for every m > 1. Then
⊕
m>0 µ
∗(H 0(mL)) gives an example.
In the rest of this section, we apply Theorem 4.3 to the case of adelically metrized
line bundles (Corollary 4.10). Suppose that X is normal. Let L =
(
L, (| · |Lv )v∈MK
)
be an adelically metrized line bundle onX such that Γ̂ss(mL) 6= {0} for somem > 1.
For each m > 1, let
(4.6) b̂m := Image
(
〈Γ̂ss(mL)〉K ⊗K (−mL)→ OX
)
be the ideal sheaf on X . Let µm : Xm → X be the normalized blow-up along b̂m, let
Fm := HomOXm (b̂mOXm ,OXm), and let 1Fm ∈ H 0(Fm) be the natural inclusion.
Proposition 4.7. For each m > 1, we can endow Fm with an adelic metric (| ·
|Fmv )v∈MK such that, for each v ∈M fK and each x ∈ Xanm,v,
(4.7) |1Fm |Fmv (x) = max
s∈Γ̂ss(mL)
{
|s|mLv (µanm,v(x))
}
and, for each x ∈ Xanm,∞,
(4.8) |1Fm |Fm∞ (x) = max
s∈Γ̂ss(mL)
{
|s|mL∞ (µanm,∞(x))
‖s‖mL∞,sup
}
.
We set Fm :=
(
Fm, (| · |Fmv )v∈MK
)
and Mm := µ
∗
m(mL)− Fm.
(1) We have
(4.9) Γ̂ss(Mm)
⊗1Fm= Image
(
Γ̂ss(mL)→ H 0(µ∗m(mL))
)
and B̂s
ss
(Mm) = ∅.
(2) Mm is a nef adelically metrized line bundle on Xm.
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Proof. We take an affine open covering {Wλ} of Xm such that µ∗m(mL)|Wλ is trivial
with local frame ηλ, and Supp(1Fm)∩Wλ is defined by a local equation fλ. Since any
s ∈ 〈Γ̂ss(mL)〉K satisfies s ∈ H 0(mL⊗ b̂m), we can find an s′ ∈ H 0(µ∗m(mL)−Fm)
such that µ∗ms = s
′ ⊗ 1Fm . So we can write µ∗ms|Wλ = φs,λ · fλ · ηλ on Wλ, where
φs,λ is a regular function on Wλ and {x ∈ Wλ |φs,λ(x) = 0, ∀s ∈ Γ̂ss(mL)} = ∅.
For each v ∈M fK and each x ∈ Xanm,v,
max
s∈Γ̂ss(mL)
{
|s|mLv (µanm,v(x))
}
= max
s∈Γ̂ss(mL)
{|φs,λ|(x)} · |fλ|(x) · |ηλ|µ
∗
m(mL)
v (x).
Therefore we can define |1Fm |Fmv (x) by the formula (4.7), which defines a continuous
metric on F anm,v (see section 2). By the same way, we can show that the formula
(4.8) defines a continuous Hermitian metric on F anm,∞.
Let (XU ,LU ) be a U -model of definition for L
{∞}
(Definition 2.2). Since X is
normal, we can assume that XU is also normal. By Proposition 2.9(1), given any
ε > 0, we can find an OK -model (Xε,Lε) such that Xε is normal, Xε×Spec(OK) U
is U -isomorphic to XU , Lε|XU = LU as Q-line bundles, and
(4.10) | · |Lε,OKP (x) 6 | · |LP (x) 6 exp(ε)| · |Lε,OKP (x)
for P ∈ Spec(OK) \ U and x ∈ XanP . For each ε, we fix an integer n = nε > 1
such that nLε is a line bundle on Xε. By Lemma 2.1(3), we have Γ̂
f(mnL) ⊂
H 0(mnLε). Let νm,n,ε : Xm,n,ε → Xε be the normalized blow-up along
b̂m,n,ε := Image
(
SymnOK 〈Γ̂ss(mL)〉OK ⊗OK (−mnLε)→ OXε
)
.
Note that b̂m,n,εOX = (b̂m)
n. Choose a normal OK -model Xm,ε of Xm dominating
Xm,n,ε, namely, we have a morphism
(4.11) µm,ε : Xm,ε
ψm,n,ε−−−−→ Xm,n,ε νm,n,ε−−−−→ X ,
whose restriction to the generic fiber is µm : Xm → X . Let
Fm,n,ε := HomOXm,n,ε (b̂m,n,εOXm,n,ε ,OXm,n,ε)
and let Fm,ε := (1/n)ψ
∗
m,n,εFm,n,ε and Mm,ε := µ
∗
m,ε(mLε)−Fm,ε be the Q-line
bundles on Xm,ε. Then (Xm,ε,Fm,ε) is an OK-model of (Xm, Fm).
Claim 4.8. (1) For every P ∈ Spec(OK) and for every x ∈ Xanm,P ,
|1Fm |Fm,ε,OKP (x) = max
s∈Γ̂ss(mL)
{
|s|mLε,OKP (µanm,P (x))
}
.
(2) For every P ∈ U and for every x ∈ Xanm,P , | · |FmP (x) = | · |Fm,ε,OKP (x).
(3) For every P ∈ Spec(OK) \ U and for every x ∈ Xanm,P ,
| · |Fm,ε,OKP (x) 6 | · |FmP (x) 6 exp(ε)| · |Fm,ε,OKP (x).
In particular, (Xm,ε,U ,Fm,ε,U ) and (Xm,ε,U ,Mm,ε,U) give a U -model of defini-
tion for F
{∞}
m and M
{∞}
m , respectively.
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Proof of Claim 4.8. It suffices to show the assertion (1). We decompose µm as
Xm
ψm,n−−−→ Xm,n νm,n−−−→ X according to (4.11). For x ∈ Xanm,P , we set x′ := ψanm,n,P (x)
and x′′ := µanm,P (x). By Lemma 2.7 and the formula (2.5), we have
|1Fm |Fm,ε,OKP (x)
= inf
{
|f |(x′)1/n : f ∈ k(ρP (x′)), 1Fm,n,ε ∈ ft∗x′Fm,n,ε,OKP
}
= max
{
|f |(x′′)1/n : f ∈ k(ρP (x′′)), f ∈ t∗x′′ b̂m,n,ε,OKP
}
= max
s∈Γ̂ss(mL)
{
|s|mLε,OKP (x′′)
}
.

By Claim 4.8, the collection (| · |Fmv )v∈MK is in fact an adelic metric on Fm.
(1): It is obvious that Γ̂ss(Mm) ⊂
{
s′ : s ∈ Γ̂ss(mL)
}
, and, by Claim 4.9 below,
we have Γ̂ss(Mm) =
{
s′ : s ∈ Γ̂ss(mL)
}
.
Claim 4.9. To each s ∈ 〈Γ̂ss(mL)〉K , we can associate an s′ ∈ H 0(Mm) as above.
(1) For any v ∈MK , we have ‖s′‖Mmv,sup > ‖s‖mLv,sup.
(2) If s ∈ Γ̂ss(mL), then ‖s′‖Mm∞,sup = ‖s‖mL∞,sup < 1.
Proof of Claim 4.9. The assertion (1) is clear since ‖1Fm‖Fmv,sup 6 1 for every v ∈
MK , so we are going to show the assertion (2). For each x ∈ (Xm \ Supp(1Fm))an∞ ,
|s′|Mm∞ (x) = |s|mL∞ (µm(x)) · min
t∈Γ̂ss(mL)
{
‖t‖mL∞,sup
|t|mL∞ (µm(x))
}
6 ‖s‖mL∞,sup.

(2): We are going to verify the conditions (a)–(d) in Definition 2.4. The condition
(a) is clear and the condition (d) follows from the formula (4.9). Since nMm,ε is
free, the condition (b) follows from Claim 4.8.
(c): For each x ∈ Xanm,∞, we choose a λ and an s0 ∈ Γ̂ss(mL) such that x ∈
W anλ,∞ and φs0,λ(x) 6= 0, where {Wλ} and {φs,λ} are chosen as in the proof of
Proposition 4.7. Then s′0 gives a local frame of Mm around x and
− log |s′0|Mm∞ (x′)2 = max
s∈Γ̂ss(mL)
{
log |φs,λ/φs0,λ|(x′)2 − log
(
‖s‖mL∞,sup
)2}
is plurisubharmonic over
{
x′ ∈ W anλ,∞ : φs0,λ(x′) 6= 0
}
. 
Corollary 4.10. Let X be a normal projective variety that is geometrically irre-
ducible over K, and let L be an adelically metrized line bundle on X. If
⊕
m>0H
0(mL)
is a finitely generated K-algebra, then the following are equivalent.
(a) H 0(mL) = 〈Γ̂ss(mL)〉K holds for every m≫ 1.
(b) There exists an a > 1 such that H 0(aL) generates
⊕
m>0H
0(maL) over K
and
Image
(
H
0(aL)⊗K (−aL)→ OX
)
= Image
(
〈Γ̂ss(aL)〉K ⊗K (−aL)→ OX
)
.
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Proof. By [8, Chap. III, §1.3, Proposition 3], there exists an e > 1 such that⊕
m>0H
0(mneL) is generated by H 0(neL) over H 0(OX) = K for every n > 1.
So the implication (a) ⇒ (b) is obvious.
We are going show the reverse. For m > 1, we set
bm := Image
(
H
0(mL)⊗K (−mL)→ OX
)
.
Since SymmK H
0(aL) → H 0(maL) is surjective, we have bma = (ba)m for every
m > 1. Let µa : Xa → X , Ma, F a be as in Proposition 4.7. Since B̂s
ss
(Ma) = ∅,
Theorem 4.3 says that H 0(mMa) = 〈Γ̂ss(mMa)〉K ⊂ 〈Γ̂ss(maL)〉K for everym≫ 1.
Since µa∗(−mFa) ⊃ (ba)m, we have
H
0(mMa) = H
0(maL⊗ µa∗(−mFa)) ⊃ H 0(maL⊗ (ba)m) = H 0(maL)
for every m > 1. Thus H 0(maL) = 〈Γ̂ss(maL)〉K for every m ≫ 1. We conclude
the proof by Lemma 4.1. 
5. Arithmetic augmented base loci
Definition 5.1. Let X be a projective variety over a number field K. Let L be
a line bundle on X , and let V • be an adelically normed graded K-linear series
belonging to L. We define the arithmetic augmented base locus of V • as
(5.1) B̂+(V •) := B+(〈Γ̂ss(V •)〉K),
which clearly does not depend on K (see Definition 3.1). If L is an adelically
metrized line bundle on X and V • is given by the formula (2.14), then we write
B̂+(L) := B̂+(V •). Since B̂+(mL) = B̂+(L) for every m > 1, we can define B̂+(L)
for every L ∈ P̂icQ(X). Let L be an adelically metrized line bundle on X .
(semiample): We say that L is free if the homomorphism
〈Γ̂ss(L)〉K ⊗K OX → L
is surjective. We say that an L ∈ P̂icQ(X) is semiample if some multiple
of L is free.
(w-ample): We say that L is weakly ample or w-ample for short if L is ample
and H 0(mL) = 〈Γ̂ss(mL)〉K for every m≫ 1. We say that an L ∈ P̂icQ(X)
is w-ample if some multiple of L is w-ample. If L is ample in the sense
of Moriwaki ([22, §0.3 Conventions and terminology (7)]) or ample in the
sense of Zhang ([27, Corollary (4.8)], [28, (1.3) and Theorem (1.8)]), then
L is w-ample.
Remark 5.1. The notion of w-ampleness does not depend on the choice of K. In
fact, by Theorem 4.3, the following are equivalent.
(a) L is w-ample.
(b) L is ample and there exist an m > 1 and s1, . . . , sN ∈ Γ̂ss(mL) such that
{x ∈ X : s1(x) = · · · = sN (x) = 0} = ∅.
We denote the Kodaira map
(5.2) Φ〈Γ̂ss(L)〉K : X \ B̂s
ss
(L)→ PK(〈Γ̂ss(L)〉K)
associated to 〈Γ̂ss(L)〉K by Φ̂L,K .
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Lemma 5.2. Let A be an adelically metrized line bundle on X.
(1) The following are equivalent.
(a) A is w-ample.
(b) aA is w-ample for an a > 1.
(c) For an a > 1,
Φ̂aA,K : X → PK(〈Γ̂ss(aA)〉K)
is a closed immersion.
(d) Given any adelically metrized line bundle L on X, mA + L is very
ample and H 0(mA+ L) = 〈Γ̂ss(mA+ L)〉K for every m≫ 1.
(e) Given any adelically metrized line bundle L on X, mA+L is w-ample
for every m≫ 1.
(f) Given any adelically metrized line bundle L on X, mA+L is semiample
for every m≫ 1.
(2) If A is w-ample and F is semiample, then A+ F is w-ample.
Proof. (1): The implications (a) ⇒ (b), (a) ⇒ (c), (e) ⇒ (b), and (e) ⇒ (f) are
trivial. The implication (b) ⇒ (a) is obvious (see for example Remark 5.1).
(c) ⇒ (a): By the implication (b) ⇒ (a), we can assume a = 1. Let P :=
PK(〈Γ̂ss(A)〉K), and let OP (1) be the hyperplane line bundle on P . Since A is
isomorphic to Φ̂∗
A,K
OP (1), the homomorphism
H
0(OP (m)) = Sym
m
K〈Γ̂ss(A)〉K → H 0(mA)
is surjective for every m≫ 1. Hence 〈Γ̂ss(mA)〉K = H 0(mA) for every m≫ 1.
(a) ⇒ (d): There exists an ε > 0 such that A − OX(ε[∞]) is also w-ample. We
can find positive integers a, b such that 〈Γ̂ss(ma(A−OX(ε[∞]))〉K = H 0(maA) for
every m > 1, mA+ L is very ample for every m > a, and
H
0(maA)⊗K H 0((ab+ r)A + L)→ H 0(((m + b)a+ r)A + L)
are surjective for all m, r with m > 1 and 0 6 r < a. Then
〈Γ̂ss(ma(A− OX(ε[∞]))〉K ⊗K H 0((ab + r)A+ L)→ H 0(((m+ b)a+ r)A + L)
are surjective for all m, r with m > 1 and 0 6 r < a, so we have 〈Γ̂ss(mA+L)〉K =
H 0(mA+ L) for every m≫ 1.
The implication (d) ⇒ (e) is clear by (c) ⇒ (a).
Before proving the implication (f) ⇒ (a), we show the assertion (2). Take an
m > 1 such that Φ̂mA,K is a closed immersion and mF is free. Set
Qm := Coker
(
〈Γ̂ss(mF )〉K ⊗K 〈Γ̂ss(mA)〉K → 〈Γ̂ss(m(A + F ))〉K
)
.
By considering the commutative diagram
X
Φ̂m(A+F ),K // PK(〈Γ̂ss(m(A+ F ))〉K) \ PK(Qm)

X
(Segre emb.)◦(Φ̂mA,K×Φ̂mF,K) // PK(〈Γ̂ss(mA)〉K ⊗K 〈Γ̂ss(mF )〉K),
we know that Φ̂m(A+F ),K is a closed immersion.
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(f) ⇒ (a): Let B be a w-ample adelically metrized line bundle on X . By the
condition (f), mA − B is semiample for every m ≫ 1. Thus by the assertion (2),
mA is w-ample for every m≫ 1. 
Proposition 5.3. Let L be an adelically metrized line bundle on X.
(1) The augmented base locus of L satisfies
B̂+(L) =
⋂
A: w-ample
B̂
ss(L −A) = B+(L) ∪ B̂ss(L),
where the intersection in the middle is taken over all the w-ample adelically
metrized Q-line bundles A on X. In particular, given any w-ample adeli-
cally metrized line bundle A, B̂+(L) = B̂
ss(L − εA) for every sufficiently
small rational number ε > 0.
(2) Let M be another adelically metrized line bundle on X. If s ∈ Γ̂s(M), then
B̂+(L +M) ⊂ B̂+(L) ∪ Supp(s).
(3) L is w-ample if and only if B̂+(L) = ∅.
(4) Let A1, . . . , Ar be w-ample adelically metrized line bundles on X. Then
there exists an ε > 0 such that
B̂+(L) = B̂+(L− ε1A1 − · · · − εrAr)
for any rational numbers ε1, . . . , εr with 0 6 εi 6 ε.
(5) Let A1, . . . , Ar be adelically metrized line bundles on X. If L is w-ample,
then there exists a δ > 0 such that L+ δ1A1+ · · ·+ δrAr is w-ample for any
rational numbers δ1, . . . , δr with |δi| 6 δ. In particular, the w-ampleness is
an open condition.
Proof. (1): Let V • be as in (2.14). For any a > 1 and for any w-ample adeli-
cally metrized line bundle A on X , we have H 0(aL − A) ⊃ Λ(〈Γ̂ss(V •)〉K ;A, a) ⊃
〈Γ̂ss(aL−A)〉K . Thus by Lemma 3.1(3) we have
(5.3) B+(L) ∪ B̂ss(L) ⊂ B+(〈Γ̂ss(V •)〉K) ⊂
⋂
A: w-ample
B̂
ss(L−A).
Suppose that x /∈ B+(L) ∪ B̂ss(L). We can find a w-ample adelically metrized line
bundle A on X , an s ∈ Γ̂ss(bL), and a t ∈ Γ̂f(cL − A) such that s(x) 6= 0 and
t(x) 6= 0. For a p > 1, we have
s⊗p ⊗ t ∈ Γ̂ss((pb+ c)L−A).
Thus x /∈ B̂sss((pb + c)L−A). This implies that the equalities hold in (5.3).
The assertion (2) is clear since
B̂
ss(L+M − A) ⊂ B̂ss(L −A) ∪ Supp(s)
for every w-ample adelically metrized Q-line bundle A.
(3): If L is w-ample, then B̂+(L) = ∅. Conversely, if B̂+(L) = ∅, then there
exists a w-ample Q-line bundle A on X such that B̂ss(L − A) = ∅. Thus by
Lemma 5.2(2), L is w-ample.
(4): The inclusion ⊂ is clear. Since A1 + · · · + Ar is w-ample, there exists a
rational number ε > 0 such that
B̂+(L) = B̂
ss
(
L− ε(A1 + · · ·+Ar)
)
.
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Then for any ε1, . . . , εr with 0 6 εi 6 ε, we have
B̂+(L) ⊂ B̂ss(L− ε1A1 − · · · − εrAr) ⊂ B̂ss
(
L− ε(A1 + · · ·+Ar)
)
.
Thus we conclude.
(5): Since every adelically metrized line bundle is a difference of two w-ample
adelically metrized line bundles (Lemma 5.2(1)), we can assume that A1, . . . , Ar
are all w-ample. By the assertions (3) and (4) above, there exists an ε > 0 such
that
B̂+(L− ε1A1 − · · · − εrAr) = ∅
for any ε1, . . . , εr with 0 6 εi 6 ε. Then, for any δ1, . . . , δr with δi > −ε, L +
δ1A1 + · · ·+ δrAr is w-ample. 
Remark 5.4. There are several different definitions of the arithmetic augmented
base locus. For an adelically metrized line bundle L, we set
Γ̂s(L) :=
{
s ∈ H 0(L) : ‖s‖Lv,sup 6 1, ∀v ∈MK
}
.
An section in Γ̂s(L) is referred to as a small section of L. In [22, §3], Moriwaki
defined
B̂
′
+(L) :=
⋂
A: w-ample
B̂
s(L −A),
where the intersection is taken over all the w-ample adelically metrized Q-line bun-
dles A (see section 2). We can easily see that B+(L) ∪ B̂ss(L) ⊂ B̂′+(L) ⊂ B̂+(L).
Hence Moriwaki’s B̂′+(L) is identical to our B̂+(L). Of course, B̂
s(L) ⊂ B̂ss(L)
and the equality does not hold in general.
In [9, §4], Chen defined the augmented base locus by using the sections with
normalized Arakelov degree not less than zero. If L is associated to a continuous
Hermitian line bundle on an OK-model of X , then by [6, Remark 3.8(ii)] one can
see that Chen’s definition also coincides with ours.
Theorem 5.5. Let X be a normal projective variety over a number field and let L
be an adelically metrized line bundle on X. The arithmetic augmented base locus
B̂+(L) is characterized as the minimal Zariski closed subset of X such that the
restriction of the Kodaira map
Φ̂mL,K : X \ B̂s
ss
(mL)→ PK(〈Γ̂ss(mL)〉K)
to X \ B̂+(L) is an immersion for every sufficiently divisible m≫ 1.
Proof. We choose an a > 1 such that B̂ss(L) = B̂s
ss
(maL) and
Ex(Φ̂maL,K) ∪ B̂s
ss
(maL) =
⋂
n>1
(
Ex(Φ̂nL,K) ∪ B̂s
ss
(nL)
)
for every m > 1 (Lemma 3.5(2)). By Lemma 3.6,
(5.4) B̂+(L) ⊃ Ex(Φ̂maL,K) ∪ B̂s
ss
(maL)
for every m > 1. To show the reverse inclusion, let µa : Xa → X , F a, and Ma be
as in Proposition 4.7 and let 1Fa ∈ Γ̂s(F a) be the natural inclusion. Then Ma is
free. By Theorems 4.3 and 3.7, there exists a p > 1 such that
(5.5) B̂+(Ma) = Ex(Φ̂pMa,K) = B+(Ma).
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Set Y := Φ̂paL,K(X) and Y
′ := Φ̂pMa,K(Xa). We consider the commutative dia-
gram
Xa
Φ̂pMa,K //
µa

Y ′
ν

X
Φ̂paL,K //❴❴❴❴❴❴ Y.
By applying Proposition 5.3(2) to the decomposition pµ∗a(aL) = pMa + pFa, we
have
(5.6) B̂+(pµ
∗
a(aL)) ⊂ B̂+(pMa) ∪ Supp(1⊗pFa ).
Since
Xa \ µ−1a
(
Ex(Φ̂paL,K) ∪ B̂s
ss
(paL)
)
µa−−→ X \
(
Ex(Φ̂paL,K) ∪ B̂s
ss
(paL)
) Φ̂paL,K−−−−−→ Y
is an immersion, we have
(5.7) Ex(Φ̂pMa,K) ⊂ µ−1a
(
Ex(Φ̂paL,K) ∪ B̂s
ss
(paL)
)
.
Moreover, we have
(5.8) B̂+(µ
∗
aL) = µ
−1
a B̂+(L)
thanks to Lemma 3.3(2). Therefore,
µ−1a B̂+(L) ⊂ µ−1a
(
Ex(Φ̂paL,K) ∪ B̂s
ss
(paL)
)
by (5.5)–(5.8), and
B̂+(L) ⊂ Ex(Φ̂paL,K) ∪ B̂s
ss
(paL).

6. Yuan’s estimation
The main result of this section is Theorem 6.6, which is the key to prove Theo-
rem B and to prove fundamental properties of the arithmetic restricted volumes and
the arithmetic multiplicities. The ideas to construct arithmetic Okounkov bodies
can be traced back to Yuan’s paper [25]. Later, Yuan [26] largely simplified the
construction, and Boucksom–Chen [6] presented another method. In this paper,
we decide to rewrite the arguments in [25, 22] with necessary changes. We remark
that most part of the arguments in [26] is also applicable to the general case except
some relations before [26, Lemma 3.2].
The arithmetic restricted volume we study below was first introduced by Mori-
waki [22]. Let M be a free Z-module of finite rank. A subset Γ of M is called a
CL-subset of M if the following equivalent conditions are satisfied (see [22, Propo-
sition 1.2.1(2)]).
(a) There exist a Z-submodule N of M and a convex subset ∆ ⊂M ⊗ZR such
that Γ = N ∩∆.
(b) Let 〈Γ〉R be the R-vector subspace of M ⊗Z R generated by Γ and let
Conv〈Γ〉R(Γ) be the minimal convex body containing Γ in 〈Γ〉R. Then
Γ = 〈Γ〉Z ∩ Conv〈Γ〉R(Γ).
Note that 〈Γ〉Z ⊗Z R ∼−→ 〈Γ〉R in this case.
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(c) Γ =
⋃
l>1
{
γ1+···+γl
l ∈ 〈Γ〉Z : γ1, . . . , γl ∈ Γ
}
.
A subset S ⊂M ⊗Z R is said to be symmetric if γ ∈ S implies −γ ∈ S. Given any
subset S in M , we define the CL-hull of S in M as the smallest CL-subset of M
containing S, which we shall denote by CLM (S). Moreover, we set
(6.1) m ∗ S := {γ1 + · · ·+ γm : γ1, . . . , γm ∈ S}
for an integer m > 1 and a subset S of M .
Lemma 6.1 ([25, Proposition 2.8], [22, Lemma 1.2.2]). Let M be a free Z-module
of finite rank, and let r :M → N be a surjective homomorphism of Z-modules.
(1) Let Γ be a symmetric finite subset of M . Then
log ♯Γ− log ♯(Ker(r) ∩ (2 ∗ Γ)) 6 log ♯r(Γ) 6 log ♯(2 ∗ Γ)− log(Ker(r) ∩ Γ).
(2) Let ∆ be a bounded symmetric convex subset of M ⊗Z R, and let a > 1 be
a real number. Then
0 6 log ♯(M ∩ a∆)− log ♯(M ∩∆) 6 log(⌈2a⌉) rkZM.
Lemma 6.2. Let K be a number field, let M be a projective OK-module of finite
rank, and let Γ be a finite subset of M . Then
rkOK 〈Γ〉OK 6 rkZ〈Γ〉Z 6 [K : Q] rkOK 〈Γ〉OK .
Proof. The first inequality is clear. Since 〈Γ〉Z ⊂ 〈Γ〉OK , we have rkZ〈Γ〉Z 6
rkZ〈Γ〉OK = [K : Q] rkOK 〈Γ〉OK . 
In the rest of this section, let X be a projective variety that is geometrically
irreducible over a number field K. Let U be a non-empty open subset of Spec(OK)
and let πU : XU → U be a U -model of X , so that XU is reduced and irreducible
and πU is flat and projective.
Definition 6.1. A flag on XU is a sequence of reduced irreducible closed sub-
schemes of XU ,
F• : XU = F−1 ) F0 ) F1 ) · · · ) FdimX = {ξ},
such that each Fi has codimension i + 1 in XU , FdimX consists of a closed point
ξ ∈ XU , and each Fi+1 is locally principal in Fi around ξ. The closed point ξ = ξF•
is called the center of the flag F•.
Let Ψ be a Zariski closed subset of XU . We say that F• is a Ψ-good flag on XU
over a prime number p if the following conditions are satisfied.
(a) There exists a prime ideal p ∈ U such that p ∩ Z = pZ and [OKp/pOKp :
Fp] = 1.
(b) F0 = π
−1(p) and the center ξ is Fp-rational.
(c) The center ξ is not contained in Ψ.
An ∅-good flag shall be simply called a good flag (see [22, §1.4]). Note that F0 is a
Cartier divisor on XU and F0, . . . , FdimX are all geometrically irreducible over Fp.
Let Rat(X) be the field of rational functions on X and let F• : XU = F−1 ⊃
F0 ⊃ · · · ⊃ FdimX = {ξ} be any flag on XU . We then define the valuation map
wF• : Rat(X)
× → ZdimX+1 associated to F• as follows. For each i = 0, . . . , dimX ,
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we fix a local equation fi defining Fi in Fi−1 around ξ. For φ ∈ Rat(X)×, we set
φ0 := φ, w0(φ) := ordF0(φ0),
φi :=
(
f
−wi−1(φ)
i−1 φi−1
)∣∣∣
Fi−1
, and wi(φ) := ordFi(φi)
for i = 1, . . . , dimX , inductively. Then define
(6.2) wF•(φ) := (w0(φ), w1(φ), . . . , wdimX(φ)),
which does not depend on the choice of f0, . . . , fdimX . Note that
(6.3) vF•(φ1) = (w1(φ), . . . , wdimX(φ))
is the valuation vector of φ1 ∈ Rat(F0)× associated to the flag F0 ⊃ · · · ⊃ FdimX
on F0 (see [20, §1.1]).
Lemma 6.3. Let X ′U be another U -model of X and let ϕU : X
′
U → XU be a
projective birational U -morphism.
(1) Let Ψ′ be a Zariski closed subset of X ′U and let F
′
• : X
′
U ⊃ F ′0 ⊃ · · · ⊃
F ′dimX = {ξ′} be a Ψ′-good flag on X ′U over a prime number p. If ϕU is
isomorphic around ξ′, then the sequence of the images
ϕU (F
′
•) : XU ⊃ ϕU (F ′0) ⊃ · · · ⊃ ϕU (F ′dimX) = {ϕU (ξ′)}
is a ϕU (Ψ
′)-good flag on XU over p, and wϕU (F ′•) = wF• ◦ ϕ∗U .
(2) Let Ψ be a Zariski closed subset of XU and let F• : XU ⊃ F0 ⊃ · · · ⊃
FdimX = {ξ} be a Ψ-good flag on XU over a prime number p. If ϕU is
isomorphic around ξ, then the sequence of the strict transforms
ϕ−1U∗(F•) : X
′
U ⊃ ϕ−1U∗(F0) ⊃ · · · ⊃ ϕ−1U∗(FdimX) = {ϕ−1U (ξ)}
is a ϕ−1U (Ψ)-good flag on X
′
U over p and wϕ−1U∗(F•)
◦ ϕ∗U = wF• .
Lemma 6.4 ([25, §2.2], [22, Proposition 1.4.1]). Given any Zariski closed subset Ψ
of XU such that Ψ 6= XU , there exist Ψ-good flags on X over all but finitely many
prime numbers.
Proof. Let ϕU : X
′
U → XU be a projective birational U -morphism such that X ′ :=
X ′U×U Spec(K) is smooth and geometrically irreducible overK. Set π′U := πU ◦ϕU
and Ψ˜ := ϕ−1U (Ψ) ∪ Ex(ϕU ). We can choose a sequence of reduced irreducible
closed subschemes of X ′U , F• : X
′
U ) F0 ) · · · ) FdimX−1, such that, for any
i = 0, . . . , dimX − 1, π′U |Fi : Fi → U is flat, Fi,K := Fi ×U Spec(K) is smooth of
codimension i+1 in X , and Fi is not contained in Ψ˜. Let U0 ⊂ U ⊂ Spec(OK) be
the set of all the prime ideals p having the properties that
(a) the prime ideal pZ := p ∩ Z completely splits in K,
(b) Fi ∩ π′−1(p) is smooth and is not contained in Ψ˜ for every i, and
(c) ♯(FdimX−1 ∩ Ψ˜) < p+1− 2g√p, where g is the genus of the smooth curve
FdimX−1,K .
Thanks to Chebotarev’s density theorem, Spec(OK) \ U0 is a finite set. By the
property (c) and Weil’s theorem, given any p ∈ U0, we can take a ξ ∈ FdimX−1(Fp)
that is not contained in Ψ˜. Therefore, for each p ∈ U0, the sequence
π′U
−1
(p) ⊃ F0 ∩ π′U−1(p) ⊃ · · · ⊃ FdimX−1 ∩ π′U−1(p) ⊃ {ξ}
is a ϕ−1U (Ψ)-good flag on X
′
U over p and ϕU is isomorphic around ξ. Thus the
assertion follows from Lemma 6.3(1). 
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Let R be an order of K such that Spec(OK) → Spec(R) is isomorphic over U .
Let X be an R-model of X that extends XU (for example, embed XU into a
projective space PU over U and take X as the Zariski closure of XU in PR). Let
ν : X ′ → X be a relative normalization in X and let F• be a flag on X ′U . Let L
be an adelically metrized line bundles on X such that (XU ,LU ) gives a U -model
of definition for L
{∞}
. We fix a local frame η of ν∗LU around ξ = ξF• . Any
s ∈ Γ̂f(L) \ {0} can be written as ν∗s = φη with a non-zero local function φ around
ξ. We define the valuation map associated to F• as
(6.4) wF• : Γ̂
f(L)→ H 0(ν∗LU )→ ZdimX+1, s 7→ (w0(φ), . . . , wdimX(φ)),
(see (2.15)), which does not depend on the choice of the frame η.
Lemma 6.5. (1) Let A be any ample line bundle on X . Then for every
m≫ 1, the image wF•
(
H 0(mA ) \ {0}) contains all of the vectors
(0, . . . , 0), (1, 0, . . . , 0), . . . , (0, . . . , 0, 1) ∈ ZdimX+1.
(2) The valuation map wF• : Rat(X)
× → ZdimX+1 is surjective.
(3) Let E be a subextension of Rat(X)/K. Then wF•(E
×) is a free Z-module
of rank tr.degK E + 1.
Proof. The assertion (1) is nothing but [22, Lemma 5.4] and the assertion (2) follows
from the assertion (1).
(3): The restriction of wF• to K
× is the same as the usual p-adic valuation.
Thus rkZ wF•(K
×) = 1. The map wF• satisfies the axiom of valuations [8, Chap.
VI, §3.1], so we have, by the arguments in [8, Chap. VI, §10.3, Theorem 1],
rkZ (wF•(Rat(X)
×)/wF•(E
×)) 6 tr.degE Rat(X) and rkZ (wF•(E
×)/wF•(K
×)) 6
tr.degK E. Since
rkZ w•(Rat(X)
×) = rkZ wF•(E
×) + rkZ
(
wF•(Rat(X)
×)/wF•(E
×)
)
6 tr.degK E + 1 + tr.degE Rat(X)
= tr.degK Rat(X) + 1,
we have rkZw•(E
×) = tr.degK E + 1. 
Given any adelically metrized line bundle L on X , we set
(6.5) δ(L) := inf
A
d̂eg
(
L · A· dimX
)
vol(A)
(see Proposition 2.10(1)), where the infimum is taken over all the nef adelically
metrized line bundles A on X such that vol(A) is positive.
Theorem 6.6 ([25, §2.4], [22, Theorem 2.2]). Let X be a projective variety that is
geometrically irreducible over K and let L be an adelically metrized line bundle on
X having a U -model of definition (XU ,LU ). Let F• be a good flag on X
′
U over a
prime number p. Let Γ be any symmetric CL-subset of Γ̂f(L) such that Γ 6= {0}.
Set β := p rkOK 〈Γ〉OK > 2. We then have
|log ♯Γ− ♯wF• (Γ \ {0}) log(p)| 6
(
δ(L) log(4) + log(4p) log(4β)
) rkZ〈Γ〉Z
log(p)
.
Proof. We borrow the proof from [25, 22]. We divide the proof into four steps.
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Step 1. Set F0 := OX([p]) (Remark 2.8(4)), which is the adelically metrized line
bundle on X associated to the Hermitian line bundle
(
OX ′(F0), | · |triv∞
)
on X ′.
Set M := 〈Γ〉Z ⊂ Γ̂f(L) and ∆ := Conv〈Γ〉R(Γ). Then ∆ is a compact symmetric
convex body in 〈Γ〉R. For each n > 0, we set
(6.6) Mn := {s ∈M : ordF0(s) > n} =M ∩ Γ̂f(L − nF0)
and let
rn : Γ̂
f(L − nF0)→ H 0(ν∗LU − nOX ′
U
(F0))
rest.−−−→ H 0(ν∗LU |F0 − nOX ′U (F0)|F0)
be the natural homomorphism. Then
(6.7) ♯wF• (Γ \ {0}) =
∑
n>0
♯vF• (rn(Mn ∩∆) \ {0}) .
Step 2. In this step, we show that for each n > 0
(6.8) log ♯(Mn ∩ (1/β)∆)− log ♯(Mn+1 ∩ (2/β)∆)
6 ♯vF• (rn(Mn ∩∆) \ {0}) log(p)
6 log ♯(Mn ∩ 2β∆)− log ♯(Mn+1 ∩ β∆).
First, we have
♯vF• (rn(Mn ∩∆) \ {0}) log(p) = ♯vF•
(〈rn(Mn ∩∆)〉Fp \ {0}) log(p)(6.9)
= log ♯〈rn(Mn ∩∆)〉Fp
thanks to [20, Lemma 1.4]. We choose {s1, . . . , sl} ⊂ Mn ∩∆ such that the image
forms an Fp-basis for 〈rn(Mn ∩∆)〉Fp . Since l 6 rkOK 〈Γ〉OK and rn maps
S :=
{
l∑
i=1
aisi : ai = 0, . . . , p− 1
}
⊂Mn ∩ β∆
onto 〈rn(Mn ∩∆)〉Fp , we have
(6.10) log ♯〈rn(Mn ∩∆)〉Fp 6 log ♯rn(S) 6 log ♯rn(Mn ∩ β∆).
Note that 2 ∗ (Mn ∩ β∆) ⊂ Mn ∩ 2β∆ and Ker(rn) = Mn+1. By applying
Lemma 6.1(1) to rn(Mn ∩ β∆), we have
(6.11) log ♯rn(Mn ∩ β∆) 6 log ♯(Mn ∩ 2β∆)− log ♯(Mn+1 ∩ β∆).
By (6.9)–(6.11), we have the second inequality of (6.8).
Next, we choose {t1, . . . , tl′} ⊂ Mn ∩ (1/β)∆ such that the image forms an
Fp-basis for 〈rn(Mn ∩ (1/β)∆)〉Fp . Since l′ 6 rkOK 〈Γ〉OK and rn maps
S′ :=

l′∑
j=1
ajtj : aj = 0, . . . , p− 1
 ⊂Mn ∩∆
onto 〈rn(Mn ∩ (1/β)∆)〉Fp , we have
♯vF• (rn(Mn ∩∆) \ {0}) log(p) > ♯vF• (rn(S′) \ {0}) log(p)(6.12)
= ♯vF•
(〈rn(Mn ∩ (1/β)∆)〉Fp \ {0}) log(p)
= log ♯〈rn(Mn ∩ (1/β)∆)〉Fp
> log ♯rn(Mn ∩ (1/β)∆)
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thanks to [20, Lemma 1.4] again. By applying Lemma 6.1(1) to rn(Mn ∩ (1/β)∆),
(6.13) log ♯rn(Mn ∩ (1/β)∆) > log ♯(Mn ∩ (1/β)∆)− log ♯(Mn+1 ∩ (2/β)∆).
By (6.12)–(6.13), we have the first inequality of (6.8).
Step 3. By (6.7) and (6.8), we have
log ♯(M ∩ (1/β)∆)−
∑
n>1
(log ♯(Mn ∩ (2/β)∆)− log ♯(Mn ∩ (1/β)∆))(6.14)
6 ♯wF• (Γ \ {0}) log(p)
6 log ♯(M ∩ 2β∆) +
∑
n>1
(log ♯(Mn ∩ 2β∆)− log ♯(Mn ∩ β∆)) .
Thanks to Lemma 6.1(2), we have, for each n > 1,
log ♯(M ∩ 2β∆) 6 log ♯Γ + log(4β) rkZM,(6.15)
log ♯(M ∩ (1/β)∆) > log ♯Γ− log(2β) rkZM(6.16)
and
log ♯(Mn ∩ 2β∆)− log ♯(Mn ∩ β∆) 6 log(4) rkZM,(6.17)
log ♯(Mn ∩ (2/β)∆)− log ♯(Mn ∩ (1/β)∆) 6 log(4) rkZM.(6.18)
We set T := {n > 1 : Mn ∩ 2β∆ 6= {0}} ⊃ {n > 1 : Mn ∩ (2/β)∆ 6= {0}}. Then,
by (6.14)–(6.18), we have
(6.19) − (log(2β) + ♯T log(4)) rkZM
6 ♯wF• (Γ \ {0}) log(p)− log ♯Γ 6 (log(4β) + ♯T log(4)) rkZM.
Step 4. If Mn ∩ 2β∆ 6= {0}, then L− nF0 +OX(log(2β)[∞]) is pseudoeffective and
(6.20) d̂eg
((
L− nF0 + OX(log(2β)[∞])
) · A· dimX) > 0
for every nef adelically metrized line bundle A on X (Proposition 2.10(1)). Suppose
that vol(A) > 0. By (6.20) and Lemma 6.7 below, we have
n 6
 d̂eg
(
L ·A· dimX
)
vol(A)
+ log(2β)
 1
log(p)
,
so ♯T has the same upper bound. Therefore, we have
|♯wF• (Γ \ {0}) log(p)− log ♯Γ|
6
 d̂eg
(
L ·A· dimX
)
vol(A)
log(4) + log(4p) log(4β)
 rkZM
log(p)
for every nef adelically metrized line bundle A on X with vol(A) > 0. 
Lemma 6.7. Let X be a projective variety that is geometrically irreducible over
K. For any p ∈ Spec(OK) and for any nef adelically metrized line bundle A on X,
we have
d̂eg
(
OX([p]) ·A· dimX
)
= vol(A) log(♯OK/p).
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Proof. Fix a rational number ε > 0. Thanks to Proposition 2.9(2), we can find a
finite subset S ⊂ M fK and OK -models (X ′,A1) and (X ′,A2) of (X,A) such that
Ai are relatively nef and
(6.21)
(
A
ad
1 , | · |A∞
)
6 A 6
(
A
ad
2 , | · |A∞
)
6
(
A
ad
1 , | · |A∞
)
+ ε
∑
P∈S
OX([P ]).
Let π′ : X ′ → Spec(OK) denote the structure morphism and fix an adelically
metrized line bundle H associated to an ample C∞-Hermitian line bundle H on
X ′. By invariance of degree, we have
d̂eg
(
OX([p]) · (A adi + δH
ad
)· dimX
)
= vol((Ai + δH )|pi′−1(p)) log(♯OK/p)
= vol(A+ δH) log(♯OK/p)
for every rational number δ > 0 and for i = 1, 2. Therefore, by continuity,
d̂eg
(
OX([p]) · (A adi )· dimX
)
= vol(A) log(♯OK/p)
for i = 1, 2. Set λ := −(ε/[K : Q])∑P∈S log |̟P |P . Then A ad1 + OX(λ[∞]) is nef.
By Proposition 2.10(1),(2)
d̂eg
(
OX([p]) · (A ad1 )· dimX
)
= d̂eg
(
OX([p]) · (A ad1 + OX(λ[∞]))· dimX
)
6 d̂eg
(
OX([p]) · (A+ OX(λ[∞]))· dimX
)
= d̂eg
(
OX([p]) · A· dimX
)
6 d̂eg
(
OX([p]) · (A ad2 )· dimX
)
.
Hence we have the assertion. 
7. Numbers of restricted sections
In this section, we study the asymptotic behavior of the numbers of restricted
strictly small sections in general, and show Theorem B (Theorems 7.9).
Definition 7.1. Let X be a projective variety over a number field K, let Y be a
closed subvariety of X with number field KY := H
0(OY ), and let L be an adelically
metrized line bundle on X . We set
(7.1) Γ̂?X|Y (L) := Image
(
Γ̂?(L)→ Γ̂f(L|Y )
)
for ? = s and ss, and set
(7.2) ĈLX|Y (L) := CLΓ̂f (L|Y )
(
Γ̂ssX|Y (L)
)
,
where Γ̂f(L|Y ) is regarded as a free Z-module containing Γ̂ssX|Y (L). Moreover, we
set
(7.3) N̂X|Y (L) :=
{
m ∈ N : Γ̂ssX|Y (mL) 6= {0}
}
and
(7.4) κ̂X|Y (L) :=
{
tr.degKY
(⊕
m>0〈Γ̂ssX|Y (mL)〉KY
)
− 1 if N̂X|Y (L) 6= ∅,
−∞ if N̂X|Y (L) = ∅.
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Then we define the arithmetic restricted volume of L along Y as
(7.5) v̂olX|Y (L) := lim sup
m→+∞
log ♯ĈLX|Y (mL)
mdimY+1/(dimY + 1)!
.
(Y -effective): We say that an adelically metrized line bundle L is Y -effective
if there exists an s ∈ Γ̂s(L) such that s|Y is non-zero. We write L1 6Y L2
if L2 − L1 is Y -effective.
(Y -big): We say that an adelically metrized Q-line bundle L is Y -big if there
exist an a > 1 and a w-ample adelically metrized line bundle A such that
aL >Y A.
(Y -pseudoeffective): We say that an adelically metrized Q-line bundle L
is Y -pseudoeffective if L + A is Y -big for every Y -big adelically metrized
Q-line bundle A. We write L1 Y L2 if L2 − L1 is Y -pseudoeffective.
Remark 7.1. Let L be an adelically metrized line bundle on X .
(1) If s ∈ ĈLX|Y (mL) and t ∈ ĈLX|Y (nL), then s ⊗ t ∈ ĈLX|Y ((m + n)L).
In fact, we can write s =
∑
aisi and t =
∑
bjtj , where ai, bj ∈ Q>0 with∑
ai =
∑
bj = 1, si ∈ Γ̂ssX|Y (mL), and tj ∈ Γ̂ssX|Y (nL). Then s ⊗ t =∑
aibjsi ⊗ tj and
∑
aibj = 1.
(2) For any subfield K ′ of KY ,
tr.degK′
⊕
m>0
〈Γ̂ssX|Y (mL)〉K′
− 1
does not depend on the choice of K ′ and coincides with κ̂X|Y (L).
(3) In [22], Moriwaki defined the arithmetic restricted volume of L along Y as
v̂ol
′
X|Y (L) := lim sup
m→+∞
log ♯CLΓ̂f (mL|Y )(Γ̂
s
X|Y (mL))
mdimY+1/(dimY + 1)!
.
Obviously, v̂olX|Y (L) 6 v̂ol
′
X|Y (L) and the equality holds if L is Y -big.
Lemma 7.2. (1) Let L1, L2 ∈ P̂ic(X). If L1 6Y L2, then
v̂olX|Y (L1) 6 v̂olX|Y (L2) and κ̂X|Y (L1) 6 κ̂X|Y (L2).
(2) Suppose that X is normal and let L ∈ P̂ic(X). Let ϕ : X ′ → X be a
birational projective K-morphism and let Y ′ be a closed subvariety of X ′
such that ϕ(Y ′) = Y . Then
v̂olX′|Y ′(ϕ
∗L) = v̂olX|Y (L) and κ̂X′|Y ′(ϕ
∗L) = κ̂X|Y (L).
Proof. (1): An s ∈ Γ̂s(L2 − L1) with s|Y 6= 0 determines for all m > 1 injections
Γ̂ssX|Y (mL1)
⊗(s|Y )
⊗m
−−−−−−→ Γ̂ssX|Y (mL2). So we have the assertion.
(2): Since X is normal, H 0(L) = H 0(ϕ∗L) as K-vector spaces. Since | · |ϕ∗Lv (x) =
| · |Lv (ϕanv (x)) for x ∈ X ′van and v ∈MK ,
(7.6) ϕ∗ :
(
H
0(L), (‖ · ‖Lv,sup)v∈MK
)
∼−→
(
H
0(ϕ∗L), (‖ · ‖ϕ∗Lv,sup)v∈MK
)
.
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as adelically normed K-vector spaces. By considering the commutative diagram
H 0(mL|Y ) // H 0(ϕ∗(mL)|Y ′)
H 0(mL)
OO
∼ // H 0(ϕ∗(mL)),
OO
we have Γ̂ssX|Y (mL) = Γ̂
ss
X′|Y ′(ϕ
∗(mL)) for every m > 1. 
Set H 0X|Y (L) := Image(H
0(L)→ H 0(L|Y )),
(7.7) NX|Y (L) :=
{
m ∈ N : H 0X|Y (mL) 6= {0}
}
,
and
(7.8) κX|Y (L) :=
{
tr.degKY
(⊕
m>0〈H 0X|Y (mL)〉KY
)
− 1 if NX|Y (L) 6= ∅,
−∞ if NX|Y (L) = ∅.
Lemma 7.3. We have
κ̂X|Y (L) =
{
κX|Y (L) if Y 6⊂ B̂ss(L),
−∞ if Y ⊂ B̂ss(L).
Proof. We can assume that Y 6⊂ B̂ss(L) and the inequality 6 is obvious. Since
κX|Y (aL) = κX|Y (L) and κ̂X|Y (aL) = κ̂X|Y (L) for every a > 1, we can also
assume that Γ̂ssX|Y (L) ∋ s 6= 0. Set
E1 :=
{
φ
ψ
∈ Rat(Y ) : ∃m > 1 s.t. φ(s|Y )⊗m, ψ(s|Y )⊗m ∈ 〈H 0X|Y (mL)〉KY
}
and
E2 :=
{
φ
ψ
∈ Rat(Y ) : ∃m > 1 s.t. φ(s|Y )⊗m, ψ(s|Y )⊗m ∈ 〈Γ̂ssX|Y (mL)〉KY
}
.
Then
E1(T )→ Frac
⊕
m>0
〈H 0X|Y (mL)〉KY
 , Q(T ) 7→ Q(s|Y )
and
E2(T )→ Frac
⊕
m>0
〈Γ̂ss(mL)〉KY
 , Q(T ) 7→ Q(s|Y )
give isomorphisms of fields of finite type over KY . So what we have to show
is E1 = E2. Given any t ∈ 〈H 0X|Y (mL)〉KY , t ⊗ (s|Y )⊗p ∈ 〈Γ̂ssX|Y (mL)〉KY for
sufficiently large p > 1. Thus we conclude. 
Let X be a projective variety overK, let Y be a closed subvariety of X , and let L
be an adelically metrized line bundle on X . Put KY := H
0(OY ) and M := L|Y . In
the rest of this section, we fix models of X and (Y,M) as follows. By Lemma 2.6(1),
there exists an OK-model (X ,L ) of (X,L) such that X is relatively normal in
X and L is a line bundle on X . Let Y be the Zariski closure of Y in X and
let M := L |Y . By Lemma 2.6(2), one can find a non-empty open subset U0 of
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Spec(OK) such that (YU0 ,MU0) gives a U0-model of definition for M
{∞}
, where
we have set
(7.9) YU0 := Y ×Spec(OK) U0.
By Lemma 2.6 and Remark 2.8(2), one can also find a non-empty open subset U
of Spec(OKY ) such that the morphism Spec(OKY )→ Spec(H 0(OY )) is isomorphic
over U , U is mapped into U0 via Spec(OKY ) → Spec(OK), and (YU ,MU ) gives a
U -model of definition for M
{∞}
, where we have set
(7.10) YU := Y ×Spec(H 0(OY )) U ⊂ YU0 .
Let ν : Y ′ → Y be a relative normalization in Y . Then Y ′ → Spec(OY )
factorizes through Spec(OKY ) (see [13, (6.3.3)]). We fix a good flag
(7.11) F• : Y
′
U ⊃ F0 ⊃ F1 ⊃ · · · ⊃ FdimY = {ξ}
on Y ′U over a prime number p.
Definition 7.2. As in (6.4), we denote for eachm > 1 the valuation map associated
to F• by wF• : Γ̂
f(mM)→ H 0(ν∗(mMU ))→ ZdimY+1. Let
ŜX|Y (L) :=
{
(m,wF•(s)) : ∀m ∈ N̂X|Y (L), ∀s ∈ Γ̂ssX|Y (mL) \ {0}
}
⊂ N×ZdimY+1.
Let pr1 : R × RdimY+1 → R and pr2 : R × RdimY+1 → RdimY+1 be the natural
projections, and set ŜX|Y (L)m := ŜX|Y (L) ∩ pr−11 (m) for m > 1. The base of
ŜX|Y (L) is defined as
∆̂X|Y (L) :=
 ⋃
m>1
1
m
ŜX|Y (L)m
 ⊂ RdimY+1,
and the affine space in RdimY+1 spanned by ∆̂X|Y (L) is
Aff(ŜX|Y (L)) := pr2(〈ŜX|Y (L)〉R ∩ pr−11 (1)).
The underlying R-vector space
−→
Aff(ŜX|Y (L)) = pr2(〈ŜX|Y (L)〉R ∩ pr−11 (0)) has the
natural integral structure defined by
−→
AffZ(ŜX|Y (L)) := pr2(〈ŜX|Y (L)〉Z ∩ pr−11 (0))
(see [3] for details).
If κ̂X|Y (L) = dimY , then we set |ŜX|Y (L)| as the volume of the fundamental
domain of
−→
AffZ(ŜX|Y (L)) ⊂ RdimY+1 measured by volRdimY+1 , and, if κ̂X|Y (L) <
dimY , then set |ŜX|Y (L)| := 0.
Lemma 7.4. Suppose that Y 6⊂ B̂ss(L), or equivalently, κ̂X|Y (L) > 0.
(1) For every sufficiently large m ∈ N̂X|Y (L),
κ̂X|Y (L) = max
m∈N̂X|Y (L)
{
dim Φ̂mL,K(Y )
}
= dim Φ̂mL,K(Y ).
(2) Suppose that there exist an m0 > 1 and an s0 ∈ Γ̂ss(m0L) such that the
restriction s0|Y ∈ Γ̂ss(m0L|Y ) ⊂ H 0(m0MU ) does not vanish at the center
ξ of F•. Then
dimR〈ŜX|Y (L)〉R = κ̂X|Y (L) + 2.
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Proof. (1): We have
(7.12) κ̂X|Y (L) = dim Image
(
Φ̂m,K : Y 99K PK(〈Γ̂ssX|Y (mL)〉K)
)Zar
for every sufficiently largem ∈ N̂X|Y (L) by applying the arguments in [5, Lemma 2.3]
and [11, §8.2.1, Theorem A] (see also [3, Théorème 3.15]). Since 〈Γ̂ss(mL)〉K →
〈Γ̂ssX|Y (mL)〉K is surjective, we have a commutative diagram
X
Φ̂mL,K //❴❴❴❴❴❴ PK(〈Γ̂ss(mL)〉K)
Y
OO
Φ̂m,K //❴❴❴❴❴❴ PK(〈Γ̂ssX|Y (mL)〉K)
OO
and Φ̂m,K is the restriction of Φ̂mL,K to Y for each m ∈ N̂X|Y (L).
(2): We write κ := κ̂X|Y (L). Let M
′ be a line bundle on Y ′ such that
(Y ′U0 ,M
′
U0
) is a U0-model of definition for M
{∞}
and M 6 M ′
ad
. For every a > 1,
we then have Γ̂f(aM) ⊂ H 0(aM ′). We choose an a ≫ 1 having the properties
that m0 divides a, B̂s
ss
(aL) = B̂ss(L), and the Zariski closure of Φ̂a,K(Y ) has Krull
dimension κ (see the assertion (1)). Let s ∈ Γ̂ss(aL) be the tensor power of s0. The
Kodaira map
Φ̂a,K : Y 99K Q := PK(〈Γ̂ssX|Y (aL)〉K)
extends to a Kodaira map
Φ̂a,OK : Y
′
99KQ ⊂ P,
where Q := POK (〈Γ̂ssX|Y (aL)〉OK ) and P := POK (〈Γ̂ss(aL)〉OK ). By the hypothesis,
Φ̂a,OK is defined at ξ. Let H be the hyperplane line bundle on P. For every b > 1,
we then have H 0(bH ) = SymbOK 〈Γ̂ss(aL)〉OK .
Let Z be the Zariski closure of Φ̂a,OK (Y
′) and let Zs := {y ∈ Z : s(y) 6=
0}. Let E be the field of rational functions on Z and let R := H 0(OZs). Note
that OZs
∼−→ H |Zs , φ 7→ φ(s|Zs), is isomorphic. Since the field of fractions of
R is E and E is a subextension of Rat(Y )/K, one can find, by Lemma 6.5(3),
φ0, . . . , φκ ∈ R \ {0} such that wF•(φ0), . . . ,wF•(φκ) are Z-linearly independent.
For some b ≫ 1, φi(s|Z )⊗b extends to a global section of bH |Z for every i, and
the restriction H 0(bH )→ H 0(bH |Z ) is surjective.
For each i, we choose a lift of φi(s|Z )⊗b ∈ H 0(bH |Z ) to H 0(bH ), and let ei be
the image of the lift via
H
0(bH ) = SymbOK 〈Γ̂ss(aL)〉OK → 〈Γ̂ss(abL)〉OK .
By tensoring s furthermore, we have e′i := ei ⊗ s⊗c ∈ Γ̂ss(a(b + c)L) for every i.
The restriction s|Y ∈ Γ̂ss(aM) ⊂ H 0(aM ′) gives a local frame of aM ′ on the open
neighborhood Y ′s of ξ. By construction,
(a,wF•(s|Y )), (a(b + c),wF•(e′0|Y )), . . . , (a(b + c),wF•(e′κ|Y ))
are, respectively, equal to
(a, 0, . . . , 0), (a(b + c),wF•(φ0)), . . . , (a(b + c),wF•(φκ)).
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So they are Z-linearly independent. 
Lemma 7.5. Let Y be a closed subvariety of X and let L be an adelically metrized
line bundle on X.
(1) If L is Y -big, then N̂X|Y (L) ⊃ {m ∈ N : m > l0} for some l0 > 1.
(2) The following are equivalent.
(a) L is Y -big.
(b) Given any adelically metrized line bundle N , mL + N is Y -effective
for every m≫ 1.
(c) Y 6⊂ B̂+(L).
(3) If L is Y -big, then κ̂X|Y (L) = dim Y .
(4) If L is Y -big, then ŜX|Y (L) generates Z× ZdimY+1.
Proof. (1): There exist a free and w-ample adelically metrized line bundle A and
an a > 1 such that aL >Y A. By Lemma 5.2(1), there exists a b > 1 such that
L+ bA is free. Thus aL and (ab + 1)L are both Y -effective. The assertion follows
from the following claim.
Claim 7.6. Let a, b ∈ N be coprime positive integers. Then there exists a c0 ≫ 1
such that
{ax+ by : x, y ∈ N} ⊃ {c ∈ N : c > c0} .
Proof of Claim 7.6. We may assume that a > 1, b > 1, and ax0 − by0 = 1 for some
x0, y0 ∈ N. For every 0 6 c < b and every y > cy0, we have
c+ by = c(ax0 − by0) + by ∈ {ax+ by : x, y ∈ N} .
So we can set c0 := b(b− 1)y0. 
(2): (b) ⇒ (a) is clear.
(a) ⇒ (b): There exist an a > 1 and a w-ample adelically metrized line bundle
A such that aL >Y A. By Lemma 5.2(1), mA + N is free for every m ≫ 1. So
maL + N is Y -effective for every m ≫ 1. By the assertion (1), (ma + r)L is Y -
effective for r = 0, 1, . . . , (a−1) and everym≫ 1. Thus (ma+r)L+N is Y -effective
for r = 0, 1, . . . , (a− 1) and every m≫ 1.
(a) ⇒ (c): There exist an a > 1 and a w-ample adelically metrized line bundle
A such that aL >Y A. Then Y 6⊂ B̂ss(L− (1/a)A).
(c)⇒ (a): There exists a w-ample adelically metrized Q-line bundle A such that
Y 6⊂ B̂ss(L−A). Thus there exists an a > 1 such that aL >Y aA.
(3): By Lemmas 3.6, 7.4, and the assertions (1),(2), κ̂X|Y (L) = dim Φ̂mL,K(Y ) =
dimY for every sufficiently large m ∈ N̂X|Y (L).
(4): Let X be the OK-model of X fixed before. By Lemma 6.5(1), one can find
an ample line bundle A on X ,
s0, s1, . . . , sdimY+1 ∈ H 0(A ), and an s ∈ Γ̂f(L{∞} + A ad)
such that H 0(A )→ H 0(A |Y ) is surjective,
wF•(s0|Y ) = (0, . . . , 0), wF•(s1|Y ) = (1, 0, . . . , 0), . . . , wF•(sdimY+1|Y ) = (0, . . . , 0, 1)
in ZdimY+1, and s does not vanish at the center of F•. One can choose a suitable
metric on A such that s0, . . . , sdimY+1 ∈ Γ̂ss(A ad) and s ∈ Γ̂ss(L + A ad). Set
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A := A
ad
. By the assertion (2), there exist an a > 1 and a t ∈ Γ̂s(aL − A) such
that t|Y 6= 0. Then
(a+ 1,wF•((s⊗ t)|Y ))− (a,wF•((s0 ⊗ t)|Y )) = (1, 0, . . . , 0) ∈ Z× ZdimY+1
and
(a,wF•((si ⊗ t)|Y ))− (a,wF•((s0 ⊗ t)|Y )) = (0, . . . , 0,
i
1, 0, . . . , 0) ∈ Z× ZdimY+1
for i = 1, . . . , dimY + 1. 
Proposition 7.7. (1) ∆̂X|Y (L) is a compact convex body in
−→
Aff(ŜX|Y (L)).
(2) Let volŜX|Y (L) be the Euclidean measure on Aff(ŜX|Y (L)) normalized by the
integral structure
−→
AffZ(ŜX|Y (L)). Then
(7.13) volŜX|Y (L)
(
∆̂X|Y (L)
)
= lim
m∈N̂X|Y (L),
m→+∞
♯wF•
(
Γ̂ssX|Y (mL) \ {0}
)
mκ̂X|Y (L)+1
∈ R>0.
Proof. Let F0 := OY ([p]) (Remark 2.8) and choose an adelically metrized line bun-
dle A := A
ad
that is associated to an ample C∞-Hermitian line bundle A on Y ′.
For any non-zero section s ∈ Γ̂s(mM) \ {0}, mM − w0(s)F0 is pseudoeffective.
Thus, by Proposition 2.10(1),
w0(s)
m
6
d̂eg
(
M · A· dimY
)
deg ((A |F0)· dimY )
=: b′.
On the other hand, by using a general result [3, Lemme 3.5], one can find a constant
b′′ > 0 such that
wi(s) 6 (m1 +m2)b
′′
for i = 1, . . . , dimY , m1 > 1, m2 > 1, and every s ∈ H 0(ν∗(m1MU )|F0 +
m2OY ′
U
(−F0)|F0) \ {0}. Set b := (1 + b′)b′′. Then wi(s) 6 mb for i = 0, . . . , dimY ,
m > 1, and every s ∈ Γ̂s(mM) \ {0}. The last formula (7.13) follows from the
assertion (1), Lemma 7.4(2), and [3, Théorème 1.12]. 
We write
R̂X|Y (L)• :=
⊕
m>0
〈Γ̂ssX|Y (mL)〉KY .
Then κ
(
R̂X|Y (L)•
)
= κ̂X|Y (L). By arguing over an algebraic closure of KY and
applying [3, Théorème 3.7] (or [17, Corollary 3.11]), the sequence
(7.14)
(
dimKY R̂X|Y (L)m
mκ̂X|Y (L)/κ̂X|Y (L)!
)
m∈N̂X|Y (L)
converges to a positive real number e
(
R̂X|Y (L)•
)
.
Proposition 7.8. Set
D = DX|Y (L) := log(4)[KY : Q]δ(L|Y ) ·
e
(
R̂X|Y (L)•
)
κ̂X|Y (L)!
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(see (6.5) for definition of δ(L|Y )). Suppose that there exists an s0 ∈ Γ̂ssX|Y (m0L) \
{0} for an m0 > 1. Let Ψ := {y ∈ Y ′U : s0(y) = 0} and let F• be a Ψ-good flag on
Y ′U over a prime number p. Then
lim sup
m∈N̂X|Y (L),
m→+∞
∣∣∣∣∣ log ♯ĈLX|Y (mL)mκ̂X|Y (L)+1 − ♯wF•(Γ̂
ss
X|Y (mL) \ {0}) log(p)
mκ̂X|Y (L)+1
∣∣∣∣∣ 6 Dlog(p) .
Proof. Set
Dm :=
(
log(4)δ(mL|Y ) + log(4p) log
(
4p dimKY 〈Γ̂ssX|Y (mL)〉KY
))
× [KY : Q] dimKY 〈Γ̂ssX|Y (mL)〉KY .
Then, by Theorem 6.6 and Lemma 6.2,
(7.15)
∣∣∣log ♯ĈLX|Y (mL)− ♯wF•(Γ̂ssX|Y (mL) \ {0}) log(p)∣∣∣ 6 Dmlog(p) .
Given any ε > 0,
(7.16) dimKY 〈Γ̂ssX|Y (mL)〉KY 6
e
(
R̂X|Y (L)•
)
+ ε
κ̂X|Y (L)!
mκ̂X|Y (L)
holds for every sufficiently large m ∈ N̂X|Y (L) by the arguments above. Therefore,
given any ε > 0, Dm 6 (D + ε)m
κ̂X|Y (L)+1 holds for every sufficiently large m ∈
N̂X|Y (L). 
Theorem 7.9. Let X be a projective variety over a number field and let Y be a
closed subvariety of X.
(1) For every adelically metrized line bundle L on X with κ̂X|Y (L) > 0, the
sequence (
log ♯ĈLX|Y (mL)
mκ̂X|Y (L)+1
)
m∈N̂X|Y (L)
converges to a positive real number.
(2) Let L be an adelically metrized line bundle on X such that either L is Y -big
or κ̂X|Y (L) < dimY . Then the sequence(
log ♯ĈLX|Y (mL)
mdimY+1/(dimY + 1)!
)
m>1
converges to v̂olX|Y (L).
Definition 7.3. Suppose that κ̂X|Y (L) > 0. We define the arithmetic multiplicity
of L along Y as
êX|Y (L) := lim
m∈N̂X|Y (L),
m→+∞
log ♯ĈLX|Y (mL)
mκ̂X|Y (L)+1/(κ̂X|Y (L) + 1)!
∈ R>0.
By Theorem 7.9(1), there exists a positive constant c > 0 such that
c−1mκ̂X|Y (L)+1 6 log ♯ĈLX|Y (mL) 6 cm
κ̂X|Y (L)+1
holds for every m ∈ N̂X|Y (L).
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Proof of Theorem 7.9. (1): Let D := DX|Y (L) be the constant as in Proposi-
tion 7.8. We can find an s0 ∈ Γ̂ssX|Y (m0L) \ {0} for an m0 > 1. Set Ψ :=
{y ∈ Y ′U : s0(y) = 0}. Given any ε > 0, we can find a prime number p such that
there exists a Ψ-good flag F• on Y
′
U over p and
(7.17)
D
log(p)
6 ε
(Lemma 6.4). By Propositions 7.8 and 7.7, we have
0 6 lim sup
m∈N̂X|Y (L),
m→+∞
log ♯ĈLX|Y (mL)
mκ̂X|Y (L)+1
− lim inf
m∈N̂X|Y (L),
m→+∞
log ♯ĈLX|Y (mL)
mκ̂X|Y (L)+1
6 2ε.
Hence we conclude.
(2): If Γ̂ssX|Y (mL) = {0} for every m, then the assertion is obvious. If L is
Y -big, then the assertion is nothing but the assertion (1) (see Lemma 7.5(1)). If
0 6 κ̂X|Y (L) < dimY , then by the assertion (1),
0 6
log ♯ĈLX|Y (mL)
mdimY+1
=
log ♯ĈLX|Y (mL)
mκ̂X|Y (L)+1
×
(
1
m
)dimY−κ̂X|Y (L)
→ 0.

Theorem 7.10. Let X be a projective variety over a number field, let Y be a closed
subvariety of X, and let L,M be adelically metrized line bundles on X.
(1) If κ̂X|Y (L) > 0, then for every integer a > 1
êX|Y (aL) = a
κ̂X|Y (L)+1 · êX|Y (L).
(2) For every integer a > 1,
v̂olX|Y (aL) = a
dimY+1 · v̂olX|Y (L).
(3) If κ̂X|Y (L) = dimY and κ̂X|Y (M) > 0, then κ̂X|Y (L+M) = dimY and(
|ŜX|Y (L+M)| · v̂olX|Y (L+M)
)1/(dimY+1)
>
(
|ŜX|Y (L)| · v̂olX|Y (L)
)1/(dimY+1)
+
(
|ŜX|Y (M)| · v̂olX|Y (M)
)1/(dimY+1)
,
where |ŜX|Y (·)| is defined in Definition 7.2.
Proof. Note that κ̂X|Y (aL) = κ̂X|Y (L) by Lemma 7.4(1). Since
lim
m∈N̂X|Y (aL),
m→+∞
log ♯ĈLX|Y (maL)
mκ̂X|Y (aL)+1
= aκ̂X|Y (L)+1 · lim
m∈N̂X|Y (aL),
m→+∞
log ♯ĈLX|Y (maL)
(ma)κ̂X|Y (L)+1
,
we have the assertion (1).
(2): If κ̂X|Y (L) < dimY , then the both sides are zero. If κ̂X|Y (L) = dim Y ,
then the assertion is nothing but the assertion (1).
(3): The first assertion follows from Lemma 7.2(1). If κ̂X|Y (M) < dim Y ,
then v̂olX|Y (M) = 0 and the assertion is clear by Lemma 7.2(1). Suppose that
κ̂X|Y (M) = dimY . Let DX|Y (L +M), DX|Y (L), and DX|Y (M) be the constants
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as in Proposition 7.8, and set D := max
{
DX|Y (L+M), DX|Y (L), DX|Y (M)
}
. We
can find an m0 > 1, an s0 ∈ Γ̂ssX|Y (m0L) \ {0}, and a t0 ∈ Γ̂ssX|Y (m0M) \ {0}. Set
Ψ := {y ∈ Y ′U : s0(y) = 0} ∪ {y ∈ Y ′U : t0(y) = 0} .
Given any ε > 0, we can find a prime number p such that there exists a Ψ-good
flag F• on Y
′
U over p and
(7.18)
D
log(p)
6 ε
(Lemma 6.4). By using Propositions 7.7 and 7.8 and by applying the Brunn–
Minkowski inequality to the convex bodies
∆̂X|Y (L) + ∆̂X|Y (M) ⊂ ∆̂X|Y (L+M)
in RdimY+1, we have(
|ŜX|Y (L+M)| · v̂olX|Y (L+M)
)1/(dimY+1)
>
(
|ŜX|Y (L)| · v̂olX|Y (L)
)1/(dimY+1)
+
(
|ŜX|Y (M)| · v̂olX|Y (M)
)1/(dimY+1)
− 3ε.
Hence we conclude. 
Corollary 7.11. Let X be a normal projective variety over a number field and let
L be an adelically metrized line bundle on X.
(1) We have
B̂+(L) =
⋃
Z⊂X,
v̂olX|Z (L)=0
Z =
⋃
Z⊂X,
κ̂X|Z (L)<dimZ
Z.
(2) For any prime divisor Y on X, v̂olX|Y (L) > 0 if and only if κ̂X|Y (L) =
dimX − 1.
Proof. (1): By Proposition 5.3(1), we have B̂+(L) = B+(L) ∪ B̂ss(L). If Z ⊂
B̂
ss(L), then clearly v̂olX|Z(L) = 0. If Z is a component of B+(L) and is not
contained in B̂ss(L), then by [5, Theorem B] we have
κX|Z(L) < dimZ.
Thus κ̂X|Z(L) < dimZ and v̂olX|Z(L) = 0. On the other hand, if Z 6⊂ B̂+(L),
then, by Lemma 7.5(2),(3), we have κ̂X|Z(L) = dimZ and v̂olX|Z(L) > 0.
The assertion (2) results from the assertion (1). 
Corollary 7.12. (1) For any Y -big adelically metrized Q-line bundle L and
for any adelically metrized Q-line bundles A1, . . . , Ar,
lim
ε1→0,...,εr→0
v̂olX|Y (L+ ε1A1 + · · ·+ εrAr) = v̂olX|Y (L).
(2) If L1, L2 are Y -big adelically metrized Q-line bundles and L2 − L1 is Y -
pseudoeffective, then
v̂olX|Y (L1) 6 v̂olX|Y (L2).
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Proof. Note that the cone of all the Y -big adelically metrized Q-line bundles is
open by Lemma 5.3(4). The assertion (1) results from Theorem 7.10(3) and the
standard arguments (see [10, Theorem 5.2], [22, Proposition 1.3.1]).
(2): Let A be a Y -big adelically metrized line bundle. For any ε ∈ Q>0, some
sufficiently large multiple of L2−L1+εA becomes a Y -effective adelically metrized
line bundle, so
v̂olX|Y (L1) 6 v̂olX|Y (L2 + εA)
by Lemma 7.2(1). By taking ε→ 0+, we have the assertion (2). 
Theorem 7.13. Let X be a projective variety over a number field, let Y be a closed
subvariety of X, and let L,M be two adelically metrized line bundles on X.
(1) If L 6Y M and κ̂X|Y (L) = κ̂X|Y (M), then êX|Y (L) 6 êX|Y (M).
(2) If Y 6⊂ B̂ss(L), then
lim
λ→0
êX|Y (L+ OX(λ[∞])) = êX|Y (L).
Proof. (1): We may assume that κ̂X|Y (L) = κ̂X|Y (M) > 0. Since ĈLX|Y (mL) ⊂
ĈLX|Y (mM) for every m > 1 and κ̂X|Y (L) = κ̂X|Y (M),
lim
m∈N̂X|Y (L),
m→+∞
log ♯ĈLX|Y (mL)
mκ̂X|Y (L)+1/(κ̂X|Y (L) + 1)!
6 lim
m∈N̂X|Y (L),
m→+∞
log ♯ĈLX|Y (mM)
mκ̂X|Y (M)+1/(κ̂X|Y (M) + 1)!
.
(2): We start the proof with the following claims.
Claim 7.14. There exists a rational number λ0 > 0 such that, for every λ ∈ R
with λ > −λ0,
κ̂X|Y (L + OX(λ[∞])) = κX|Y (L).
Proof. Take an a ≫ 1 and s1, . . . , sN ∈ Γ̂ss(aL) such that {x ∈ X : s1(x) =
· · · = sN (x) = 0} = B̂ss(L). Let λ0 be a rational number with 0 < λ0 6
mini{− log ‖si‖sup}. For every λ with λ > −λ0, all of si’s belong to Γ̂ss(L +
OX(λ[∞])) and B̂ss(L + OX(λ[∞])) ⊂ B̂ss(L). Therefore the claim follows from
Lemma 7.3. 
Claim 7.15. If Y 6⊂ B̂ss(L), then there exists an m0 > 1 such that, for every λ ∈ Q
with λ 6 λ0, m0L >Y λOX([∞]).
Proof. We take an a > 1 and an s ∈ Γ̂ss(aL) such that s|Y 6= 0. We can choose an
m0 > 1 such that exp(λ0)‖s‖m0sup < 1. Then m0L >Y OX(λ[∞]) = λOX([∞]) for
every λ ∈ Q with λ 6 λ0. 
By Theorem 7.10(1), Claims 7.14 and 7.15, and the assertion (1), we have(
1− m0
λ0
|λ|
)κ̂X|Y (L)+1
· êX|Y (L) = êX|Y
((
1− m0
λ0
|λ|
)
L
)
6 êX|Y (L+ λOX([∞]))
6 êX|Y
((
1 +
m0
λ0
|λ|
)
L
)
=
(
1 +
m0
λ0
|λ|
)κ̂X|Y (L)+1
· êX|Y (L)
for every λ ∈ Q with |λ| < λ0/m0. Hence we conclude. 
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8. Generalized Fujita approximation
In this section, we obtain a formula expressing an arithmetic restricted volume
as a supremum of heights of projective varieties (Theorem 8.4). We can regard
Theorem 8.4 as an arithmetic analogue of the generalized Fujita approximation
proved in [10, Theorem 2.13] (in our case, dimY can be zero).
Proposition 8.1. Let X be a smooth projective variety over K and let L be an
adelically metrized line bundle on X. If L is nef and Y -big, then
v̂olX|Y (L) = d̂eg
(
(L|Y )· dimY+1
)
.
Proof. If L is associated to an ample C∞-Hermitian line bundle on an OK -model
of X , then the assertion follows from [22, Corollary 7.2(1)]. We assume that L is
associated to a nef continuous Hermitian line bundle on some OK-model X of X .
Fix an adelically metrized line bundle H associated to a Y -effective ample C∞-
Hermitian line bundle H on X . For every rational number ε > 0, there exists
a non-negative continuous function λε : X
an
∞ → R>0 such that ‖λε‖sup < ε and
L + εH + OX(λε[∞]) is associated to an ample C∞-Hermitian line bundle on X
([2, Theorem 1]). We then have
v̂olX|Y
(
L+ εH + OX(λε[∞])
)
= d̂eg
(
(L + εH + OX(λε[∞]))|· dimY+1Y
)
for every rational number ε > 0. By Corollary 7.12,
v̂olX|Y (L) 6 v̂olX|Y
(
L+ εH + OX(λε[∞])
)
6 v̂olX|Y
(
L+ εH + εOX([∞])
) ε↓0−−→ v̂olX|Y (L).
On the other hand, by Proposition 2.10(1),
d̂eg
(
(L|Y )· dimY+1
)
6 d̂eg
(
(L + εH + OX(λε[∞]))|· dimY+1Y
)
6 d̂eg
(
(L + εH + εOX([∞]))|· dimY+1Y
) ε↓0−−→ d̂eg ((L|Y )· dimY+1) .
Hence we conclude in this case.
In general, thanks to Proposition 2.9(2), there exists a finite subset S ⊂ M fK
such that, for any rational number ε > 0, one can find OK-models (Xε,Lε,1) and
(Xε,Lε,2) of (X,L) such that Lε,i are relatively nef and
L− ε
∑
P∈S
OX([P ]) 6
(
Lε,1, | · |L∞
)ad
6 L 6
(
Lε,2, | · |L∞
)ad
6 L+ ε
∑
P∈S
OX([P ]).
Claim 8.2. We have
(8.1) L− ε
∑
P∈S
OX([P ]) 6Y L
ad
ε,1 6Y L 6Y L
ad
ε,2 6Y L+ ε
∑
P∈S
OX([P ]).
Proof. We can write the four differences in the form of(
OX ,
∑
P∈S
λP [P ]
)
,
where λP : X
an
P → R>0 is a non-negative continuous function on XanP . Then
1 ∈ H 0(OX) is a small section satisfying 1|Y 6= 0. 
46 HIDEAKI IKOMA
Set λ := −(ε/[K : Q])∑P∈S log |̟P |P . Then L ε,1 +OX(λ[∞]) is nef. By (8.1)
and Proposition 2.10(1),(2), we have
v̂olX|Y (L
ad
ε,1) + [K : Q]λdeg
(
(L|Y )· dimY
)
= d̂eg
(
(L
ad
ε,1|Y + OY (λ[∞]))· dimY+1
)
6 d̂eg
(
(L|Y + OY (λ[∞]))· dimY+1
)
= d̂eg
(
(L|Y )· dimY+1
)
+ [K : Q]λdeg
(
(L|Y )· dimY
)
6 d̂eg
(
(L
ad
ε,2|Y )· dimY+1
)
+ [K : Q]λdeg
(
(L|Y )· dimY
)
= v̂olX|Y (L
ad
ε,2) + [K : Q]λdeg
(
(L|Y )· dimY
)
,
so
v̂olX|Y
(
L− ε
∑
P∈S
OX([P ])
)
6 v̂olX|Y (L
ad
ε,1)
6 d̂eg
(
(L|Y )· dimY+1
)
6 v̂olX|Y (L
ad
ε,2) 6 v̂olX|Y
(
L− ε
∑
P∈S
OX([P ])
)
for every rational number ε > 0. Therefore, we conclude by Corollary 7.12. 
Let X be a normal projective variety over K, let L be an adelically metrized
Q-line bundle on X , and let Z be a closed subvariety of X . A Z-compatible ap-
proximation for L is a pair (µ : X ′ → X,M) of a projective birational K-morphism
µ : X ′ → X and a nef adelically metrized Q-line bundle M on X ′ having the
following properties.
(a) X ′ is smooth and µ is isomorphic around the generic point of Z.
(b) Let µ−1∗ (Z) be the strict transform of Z via µ. Then M is µ
−1
∗ (Z)-big and
µ∗L−M is a µ−1∗ (Z)-pseudoeffective adelically metrized Q-line bundle.
We denote by Θ̂Z(L) the set of all the Z-compatible approximations for L.
Lemma 8.3. Θ̂Z(L) 6= ∅ if and only if L is Z-big.
Proof. If (µ : X ′ → X,M) ∈ Θ̂Z(L), then µ∗L is µ−1∗ (Z)-big. By Lemmas 3.3(2)
and 7.5, we have µ−1∗ (Z) 6⊂ µ−1B̂+(L) ∪Ex(µ). Thus Z 6⊂ B̂+(L). The “if” part is
obvious. 
Theorem 8.4. Let X be a normal projective variety over K, let Z be a closed
subvariety of X, and let L be an adelically metrized Q-line bundle on X. If L is
Z-big, then, for every closed subvariety Y containing Z, we have
v̂olX|Y (L) = sup
(µ,M)∈Θ̂Z(L)
d̂eg
(
(M |µ−1∗ (Y ))·(dimY+1)
)
.
Proof. The inequality > is obvious (Lemma 7.2(1),(2) and Proposition 8.1), so it
suffices to show that
v̂olX|Y (L) 6 sup
(µ,M)∈Θ̂Z(L)
v̂olX′|µ−1∗ (Y )(M).
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We can assume that L is an adelically metrized line bundle on X . Let µm : Xm →
X ,Mm, and Fm be as in Proposition 4.7. Without loss of generality, we can assume
that Xm are all smooth. Let Zm := µ
−1
m∗(Z) (respectively, Ym := µ
−1
m∗(Y )) be the
strict transform of Z (respectively, Y ) via µm. If B̂s
ss
(mL) = B̂ss(L), then Zm
is contained neither in B̂+(Mm) ⊂ µ−1m B̂+(L) nor in B̂ss(Fm) ⊂ µ−1m B̂ss(L). So
Mm is Zm-big and Fm is Zm-effective. The theorem follows from Proposition 8.5
below. 
Proposition 8.5. We have
v̂olX|Y (L) = lim
B̂s
ss
(mL)=B̂ss(L),
m→+∞
v̂olXm|Ym(Mm)
mdimY+1
.
Proof. First, we show the convergence of the sequence.
Claim 8.6. The sequence(
v̂olXm|Ym(Mm)
mdimY+1
)
B̂s
ss
(mL)=B̂ss(L)
converges.
Proof. Take positive integers m,n such that B̂s
ss
(mL) = B̂s
ss
(nL) = B̂ss(L). Then
B̂s
ss
((m + n)L) = B̂ss(L). Let µ˜ : X˜ → X be a birational projective K-morphism
such that µ˜ dominates all of µm, µn, and µm+n and µ˜ is isomorphic overX \B̂ss(L).
In particular, we have a diagram
Xm
µm
""❋
❋❋
❋❋
❋❋
❋❋
X ′
ν1
<<①①①①①①①①① ν3 //
ν2
""❋
❋❋
❋❋
❋❋
❋❋
Xm+n
µm+n // X.
Xn
µn
<<①①①①①①①①①
Let Z˜ be the strict transform of Z via µ˜. Then what we are going to show is
(8.2) ν∗1Fm + ν
∗
2Fn >Z˜ ν
∗
3Fm+n.
Since ν∗11Fm ⊗ ν∗21Fn vanishes along ν−13 Supp(1Fm+n), there exists a section ι ∈
H 0(ν∗1Fm + ν
∗
2Fn − ν∗3Fm+n) such that
ν∗11Fm ⊗ ν∗21Fn = ν∗31Fm+n ⊗ ι and Supp(ι) ⊂ µ˜−1B̂ss(L).
For each v ∈M fK and x ∈ X ′anv ,
|ι|ν∗1Fm+ν∗2Fn−ν∗3Fm+nv (x)
=
maxs∈Γ̂ss(mL)
{
|s|mLv (µ˜anv (x))
}
·maxt∈Γ̂ss(nL)
{
|t|nLv (µ˜anv (x))
}
maxu∈Γ̂ss((m+n)L)
{
|u|(m+n)Lv (µ˜anv (x))
} 6 1.
In the same way, we can see ‖ι‖ν∗1Fm+ν∗2Fn−ν∗3Fm+n∞ 6 1. Therefore, we obtain the
formula (8.2).
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By Theorem 7.10(3), Lemma 7.2, and the formula (8.2), we have
v̂olXm|Ym(Mm)
1/(dimY+1) + v̂olXn|Yn(Mn)
1/(dimY+1)
6 v̂olXm+n|Ym+n(Mm+n)
1/(dimY+1).
By the standard arguments, the sequence converges to its supremum. 
We fix an integer a > 1 such that B̂s
ss
(aL) = B̂ss(L) and there exists an s0 ∈
Γ̂ssX|Y (aL) \ {0}. By Claim 8.6, it suffices to show the equation
(8.3) v̂olX|Y (L) = lim
m→+∞
v̂olXma|Yma(Mma)
(ma)dimY+1
.
We fix models and flags as follows. Let (X ,L ) be an OK -model of (X,L) such
that X is normal, L is a line bundle on X , and L 6 L
ad
. Let U0 be a non-empty
open subset of Spec(OK) such that (XU0 ,LU0) gives a U0-model of definition for
L
{∞}
. For each m > 1, let
b̂m,OK := Image
(
〈Γ̂ss(mL)〉OK ⊗OK (−mL )→ OX
)
and let µm,OK : Xm → X be a normalized blow-up such that Xm,K is smooth and
b̂m,OKOXm is Cartier. Let Fm := HomOXm (b̂m,OKOXm ,OXm) and let Mm :=
µ∗m,OK (mL )−Fm. Then (Xm,U0 ,Fm,U0) and (Xm,U0 ,Mm,U0) give U0-models of
definition for F
{∞}
m and M
{∞}
m , respectively (Claim 4.8).
Let Y (respectively, Ym) be the Zariski closure of Y (respectively, Ym) in X
(respectively, Xm). Let
νY : Y
′ → Y and νYm : Y ′m → Ym
be the relative normalizations in Y and in Ym, respectively, and let µ
′
m : Y
′
m → Y ′
be the induced morphism. Let U be the inverse image of U0 via Spec(OKY ) →
Spec(OK). Then (YU ,L |YU ) and (Ym,U ,Mm|Ym,U ) give U -models of definition
for (L|Y ){∞} and (Mm|Ym){∞}, respectively.
LetD := DX|Y (aL) be the constant as in Proposition 7.8, and letΨ := {y ∈ Y ′U : s0(y) = 0}.
Given any ε > 0, we can find a prime number p such that there exists a Ψ-good
flag F• on Y
′
U over p and
(8.4)
D
log(p)
6
ε
3
(Lemma 6.4). By Lemma 6.3(2), µ′
−1
m∗(F•) is a µ
′−1
m (Ψ)-good flag on Y
′
m for every
m > 1 and µ′
−1
ma(Ψ) =
{
y ∈ Y ′ma : µ′∗ma(s⊗m0 )(y) = 0
}
(see Proposition 4.7).
Claim 8.7. For every m > 1,
δ(Mm|Ym) 6 mδ(L|Y ).
Proof of Claim 8.7. For any nef adelically metrized line bundleA on Y with vol(A) >
0, we have
δ(Mm|Ym) 6
d̂eg
(
Mm|Ym · (µm|Ym)∗A
· dimY
)
vol((µm|Ym)∗A)
6
d̂eg
(
mL|Y · A· dimY
)
vol(A)
by Proposition 2.10(3). 
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Claim 8.8. For every m > 1,
e
(
R̂Xma|Yma(Mma)•
)
κ̂Xma|Yma(Mma)!
6 mdimY ·
e
(
R̂X|Y (aL)•
)
κ̂X|Y (aL)!
.
Proof of Claim 8.8. Note that we have κ̂X|Y (aL) = κ̂Xma|Yma(Mma) = dim Y .
Since
R̂Xma|Yma(Mma)• ⊂ R̂Xma|Yma(µ∗ma(maL))• = R̂X|Y (maL)•
as graded KY -algebras, we have the assertion. 
We set for m > 1
T (m) :=
{
(km,wµ′−1ma∗(F•)(s⊗ (1Fma |Yma)⊗k)) :
∀k > 0, ∀s ∈ ĈLXma|Yma(kMma) \ {0}
}
(Lemma 6.3(2)) and set
∆(m) :=
⋃
k>1
1
km
wµ′−1ma∗(F•)
(
(ĈLXma|Yma(kMma) \ {0})⊗ (1Fma |Yma)⊗k
).
Then T (m) ⊂ ŜX|Y (aL) and ŜX|Y (aL)m ⊂ T (m) by Proposition 4.7 and Lemma 6.3(2).
Thanks to [3, Théorème 1.15], there exists an m0 > 1 such that
(8.5) volT (m) (∆(m)) log(p) > volŜX|Y (aL)
(
∆̂X|Y (aL)
)
log(p)− ε
3
for everym > m0. By Proposition 7.8, Claims 8.7 and 8.8, and the inequality (8.4),
we have
(8.6) volŜX|Y (aL)
(
∆̂X|Y (aL)
)
log(p) > v̂olX|Y (aL)−
ε
3
and
(8.7)
v̂olXma|Yma(Mma)
mdimY+1
> volT (m) (∆(m)) log(p)− ε
3
.
Therefore, by (8.5)–(8.7),
v̂olXma|Yma(Mma)
(ma)dimY+1
> v̂olX|Y (L)− ε
for every m > m0. 
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